
質量を含んだShrödinger方程式の境界条件
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最後の変形で、x0 においてΨ (x) が連続の条件を用いた。

さらに、 𝑽𝑽 𝒙𝒙𝟎𝟎 + 𝒉𝒉 + 𝑽𝑽 𝒙𝒙𝟎𝟎 − 𝒉𝒉 が 𝟏𝟏/𝒉𝒉よりも十分小さければ、h => 0 で

有限の井戸型ポテンシャルでは h => 0で hV0 => 0 であるから、
一次微分も x0 で連続である必要がある。
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m(x)は x0 – h ~ x0 と x0 ~ x0 + h の範囲で一定とし、
両辺を x0 – h から x0 + h の範囲で積分する
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バンド理論: Kronig-Penneyモデル
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の解

)exp()exp()( xiBxiAx ααφ −+= /2mE=α
𝝓𝝓𝒌𝒌 𝒙𝒙 = exp(ikx)𝒖𝒖(𝒙𝒙), u(x+a) = u(x)

)exp()exp()( xDxCx ββφ −+= ( ) /2 0 EVm −=β
井戸内:
障壁内:

井戸－障壁での境界条件: x = 0, -bで 𝝓𝝓𝒌𝒌 𝒙𝒙 , 𝝓𝝓𝒌𝒌′ 𝒙𝒙 が連続
Blochの定理 : 𝝓𝝓𝒌𝒌 𝒙𝒙 + 𝒂𝒂 = 𝝀𝝀𝝓𝝓𝒌𝒌 𝒙𝒙 , 𝝀𝝀 = 𝐞𝐞𝐞𝐞𝐞𝐞(𝒊𝒊𝒌𝒌𝒂𝒂)
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左辺の行列の行列式が 0 になる必要がある

bV0が一定の条件で b => 0 の近似を取ると
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λ = exp(ika)

0-b

例えば A = 1として
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を解いて B, C, Dを得る
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Kronig-Penney方程式の解法

周期 a = 1 nm, 障壁厚さ 0.1 nm, 障壁高さ 5.0 eV
有効質量 me, k = (2π/ a)[-1/2, 1/2]

-10

-5

0

5

0 2 4 E

k
=

-1
/2

に
お
け
る
誤

差

0

1

2

3

4

5

-0.5 0 0.5
k [2π/a]

E

Newton-Raphson法で
左図から求めた近似値 誤差 10-10で計算

0.3675 0.3934
1.0045 1.0244
3.4545 3.4585
4.3365 4.3345
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diff	4.9000000000000002E-2	9.8000000000000004E-2	0.14699999999999999	0.19600000000000001	0.245	0.29399999999999998	0.34300000000000003	0.39200000000000002	0.441	0.49	0.53900000000000003	0.58799999999999997	0.63700000000000001	0.68600000000000005	0.73499999999999999	0.78400000000000003	0.83299999999999996	0.88200000000000001	0.93100000000000005	0.98	1.0289999999999999	1.0780000000000001	1.127	1.1759999999999999	1.2250000000000001	1.274	1.323	1.3720000000000001	1.421	1.47	1.5189999999999999	1.5680000000000001	1.617	1.6659999999999999	1.7150000000000001	1.764	1.8129999999999999	1.8620000000000001	1.911	1.96	2.0089999999999999	2.0579999999999998	2.1070000000000002	2.1560000000000001	2.2050000000000001	2.254	2.3029999999999999	2.3519999999999999	2.4009999999999998	2.4500000000000002	2.4990000000000001	2.548	2.597	2.6459999999999999	2.6949999999999998	2.7440000000000002	2.7930000000000001	2.8420000000000001	2.891	2.94	2.9889999999999999	3.0379999999999998	3.0870000000000002	3.1360000000000001	3.1850000000000001	3.234	3.2829999999999999	3.3319999999999999	3.3809999999999998	3.43	3.4790000000000001	3.528	3.577	3.6259999999999999	3.6749999999999998	3.7240000000000002	3.7730000000000001	3.8220000000000001	3.871	3.92	3.9689999999999999	4.0179999999999998	4.0670000000000002	4.1159999999999997	4.165	4.2140000000000004	4.2629999999999999	4.3120000000000003	4.3609999999999998	4.41	4.4589999999999996	4.508	4.5570000000000004	4.6059999999999999	4.6550000000000002	4.7039999999999997	4.7530000000000001	4.8019999999999996	4.851	4.9000000000000004	-15.707711059485799	-12.017002812577401	-8.8931913749041893	-6.2758192466444704	-4.1093463198506797	-2.34282742980978	-0.92960759050625597	0.172965918439973	1.00381541166832	1.5983893700498299	1.9889044581350599	2.20457368980433	2.2718214153130001	2.2144857744886002	2.0540092334636602	1.80961779598134	1.4984894549562799	1.13591242557794	0.73543367777350399	0.30899826327355001	-0.132920089186914	-0.58119665787443797	-1.0279412586816301	-1.46639120907214	-1.8908113305866501	-2.29640061296395	-2.67920518004343	-3.0360372140524401	-3.3643995106662801	-3.6624153523837299	-3.9287634023087099	-4.1626173343911397	-4.3635899295772198	-4.5316813801719498	-4.6672315570440697	-4.7708760061249098	-4.84350545198504	-4.8862285971359798	-4.9003380161129098	-4.8872789533673799	-4.8486208435508003	-4.7860313819164197	-4.7012529813238704	-4.5960814607115097	-4.4723468179206796	-4.3318959474274603	-4.1765771708730304	-4.0082264552979598	-3.8286552006888601	-3.6396394848514002	-3.4429106597418699	-3.2401471992323199	-3.0329677038615399	-2.8229249734469102	-2.61150106351002	-2.4001032463110699	-2.1900608019043202	-1.98262256902548	-1.7789551898140701	-1.58014198636405	-1.38718241089602	-1.20099201495879	-1.02240288650675	-0.85216450696843604	-0.69094498352809297	-0.53933261479279104	-0.39783775081933698	-0.26689491113354502	-0.14686512689629	-3.8038475760983098E-2	5.9363219767778898E-2	0.14518355752002601	0.21932860940635199	0.28176388681994102	0.33251123897579898	0.37164570375410899	0.39929232899646999	0.41562298067723702	0.42085315293339598	0.41523879358113902	0.399073157471872	0.37268369884111302	0.33642901267701197	0.29069583407773503	0.235896103575334	0.172464105474957	0.100853685389287	2.1535552335852699E-2	-6.5005329993003305E-2	-0.15827225888445801	-0.25775921193829299	-0.36295316744469702	-0.47333632373971302	-0.58838821599674396	-0.70758772939831405	-0.830415008080297	-0.95635325965349305	-1.0848904554863299	-1.2155209272793801	-1.3477468607794001	







Sheet1

		E(k=-0.5)		diff						k		E						my $V0        = 5.0;     # eV

		0.049		-15.7077110595						-0.5		0.3933917296						my $a         = 10.0e-10; # m

		0.098		-12.0170028126						-0.5		1.0243786797						my $Wbarrier  = 1.0e-10; # m

		0.147		-8.8931913749						-0.5		3.4584563949						my $Wwell     = $a - $Wbarrier;

		0.196		-6.2758192466						-0.5		4.3345724739						my $m         = $me;     # kg

		0.245		-4.1093463199						-0.45		0.3886992228

		0.294		-2.3428274298						-0.45		1.0351532897

		0.343		-0.9296075905						-0.45		3.4124255881

		0.392		0.1729659184						-0.45		4.3886687134

		0.441		1.0038154117						-0.4		0.3757299972

		0.49		1.59838937						-0.4		1.0662501802

		0.539		1.9889044581						-0.4		3.2987325492

		0.588		2.2045736898						-0.4		4.5266000884

		0.637		2.2718214153						-0.35		0.357163035

		0.686		2.2144857745						-0.35		1.1146074253

		0.735		2.0540092335						-0.35		3.1542328437

		0.784		1.809617796						-0.35		4.7116422396

		0.833		1.498489455						-0.3		0.3360238307

		0.882		1.1359124256						-0.3		1.1764604273

		0.931		0.7354336778						-0.3		3.0003479261

		0.98		0.3089982633						-0.3		4.9226073467

		1.029		-0.1329200892						-0.25		0.3148826696

		1.078		-0.5811966579						-0.25		1.24794882

		1.127		-1.0279412587						-0.25		2.847864494

		1.176		-1.4663912091						-0.2		0.295638529

		1.225		-1.8908113306						-0.2		1.3249514744

		1.274		-2.296400613						-0.2		2.7034874579

		1.323		-2.67920518						-0.15		0.2795981875

		1.372		-3.0360372141						-0.15		1.4022885515

		1.421		-3.3643995107						-0.15		2.5733678132

		1.47		-3.6624153524						-0.1		0.2676212319

		1.519		-3.9287634023						-0.1		1.4723648333

		1.568		-4.1626173344						-0.1		2.4654688046

		1.617		-4.3635899296						-0.05		0.2602421049

		1.666		-4.5316813802						-0.05		1.5238163359

		1.715		-4.667231557						-0.05		2.3912922015

		1.764		-4.7708760061						0		0.2577516588

		1.813		-4.843505452						0		1.5432199124

		1.862		-4.8862285971						0		2.36430969

		1.911		-4.9003380161						0.05		0.2602421049

		1.96		-4.8872789534						0.05		1.5238163359

		2.009		-4.8486208436						0.05		2.3912922016

		2.058		-4.7860313819						0.1		0.2676212319

		2.107		-4.7012529813						0.1		1.4723648333

		2.156		-4.5960814607						0.1		2.4654688046

		2.205		-4.4723468179						0.15		0.2795981875

		2.254		-4.3318959474						0.15		1.4022885515

		2.303		-4.1765771709						0.15		2.5733678132

		2.352		-4.0082264553						0.2		0.295638529

		2.401		-3.8286552007						0.2		1.3249514744

		2.45		-3.6396394849						0.2		2.7034874579

		2.499		-3.4429106597						0.25		0.3148826696

		2.548		-3.2401471992						0.25		1.24794882

		2.597		-3.0329677039						0.25		2.847864494

		2.646		-2.8229249734						0.3		0.3360238307

		2.695		-2.6115010635						0.3		1.1764604273

		2.744		-2.4001032463						0.3		3.0003479261

		2.793		-2.1900608019						0.3		4.9226073467

		2.842		-1.982622569						0.35		0.357163035

		2.891		-1.7789551898						0.35		1.1146074253

		2.94		-1.5801419864						0.35		3.1542328437

		2.989		-1.3871824109						0.35		4.7116422396

		3.038		-1.200992015						0.4		0.3757299972

		3.087		-1.0224028865						0.4		1.0662501802

		3.136		-0.852164507						0.4		3.2987325492

		3.185		-0.6909449835						0.4		4.5266000884

		3.234		-0.5393326148						0.45		0.3886992228

		3.283		-0.3978377508						0.45		1.0351532897

		3.332		-0.2668949111						0.45		3.4124255881

		3.381		-0.1468651269						0.45		4.3886687134

		3.43		-0.0380384758						0.5		0.3933917296

		3.479		0.0593632198						0.5		1.0243786797

		3.528		0.1451835575						0.5		3.4584563949

		3.577		0.2193286094						0.5		4.3345724739

		3.626		0.2817638868

		3.675		0.332511239

		3.724		0.3716457038

		3.773		0.399292329

		3.822		0.4156229807

		3.871		0.4208531529

		3.92		0.4152387936

		3.969		0.3990731575

		4.018		0.3726836988

		4.067		0.3364290127

		4.116		0.2906958341

		4.165		0.2358961036

		4.214		0.1724641055

		4.263		0.1008536854

		4.312		0.0215355523

		4.361		-0.06500533

		4.41		-0.1582722589

		4.459		-0.2577592119

		4.508		-0.3629531674

		4.557		-0.4733363237

		4.606		-0.588388216

		4.655		-0.7075877294

		4.704		-0.8304150081

		4.753		-0.9563532597

		4.802		-1.0848904555

		4.851		-1.2155209273

		4.9		-1.3477468608



diff	4.9000000000000002E-2	9.8000000000000004E-2	0.14699999999999999	0.19600000000000001	0.245	0.29399999999999998	0.34300000000000003	0.39200000000000002	0.441	0.49	0.53900000000000003	0.58799999999999997	0.63700000000000001	0.68600000000000005	0.73499999999999999	0.78400000000000003	0.83299999999999996	0.88200000000000001	0.93100000000000005	0.98	1.0289999999999999	1.0780000000000001	1.127	1.1759999999999999	1.2250000000000001	1.274	1.323	1.3720000000000001	1.421	1.47	1.5189999999999999	1.5680000000000001	1.617	1.6659999999999999	1.7150000000000001	1.764	1.8129999999999999	1.8620000000000001	1.911	1.96	2.0089999999999999	2.0579999999999998	2.1070000000000002	2.1560000000000001	2.2050000000000001	2.254	2.3029999999999999	2.3519999999999999	2.4009999999999998	2.4500000000000002	2.4990000000000001	2.548	2.597	2.6459999999999999	2.6949999999999998	2.7440000000000002	2.7930000000000001	2.8420000000000001	2.891	2.94	2.9889999999999999	3.0379999999999998	3.0870000000000002	3.1360000000000001	3.1850000000000001	3.234	3.2829999999999999	3.3319999999999999	3.3809999999999998	3.43	3.4790000000000001	3.528	3.577	3.6259999999999999	3.6749999999999998	3.7240000000000002	3.7730000000000001	3.8220000000000001	3.871	3.92	3.9689999999999999	4.0179999999999998	4.0670000000000002	4.1159999999999997	4.165	4.2140000000000004	4.2629999999999999	4.3120000000000003	4.3609999999999998	4.41	4.4589999999999996	4.508	4.5570000000000004	4.6059999999999999	4.6550000000000002	4.7039999999999997	4.7530000000000001	4.8019999999999996	4.851	4.9000000000000004	-15.707711059485799	-12.017002812577401	-8.8931913749041893	-6.2758192466444704	-4.1093463198506797	-2.34282742980978	-0.92960759050625597	0.172965918439973	1.00381541166832	1.5983893700498299	1.9889044581350599	2.20457368980433	2.2718214153130001	2.2144857744886002	2.0540092334636602	1.80961779598134	1.4984894549562799	1.13591242557794	0.73543367777350399	0.30899826327355001	-0.132920089186914	-0.58119665787443797	-1.0279412586816301	-1.46639120907214	-1.8908113305866501	-2.29640061296395	-2.67920518004343	-3.0360372140524401	-3.3643995106662801	-3.6624153523837299	-3.9287634023087099	-4.1626173343911397	-4.3635899295772198	-4.5316813801719498	-4.6672315570440697	-4.7708760061249098	-4.84350545198504	-4.8862285971359798	-4.9003380161129098	-4.8872789533673799	-4.8486208435508003	-4.7860313819164197	-4.7012529813238704	-4.5960814607115097	-4.4723468179206796	-4.3318959474274603	-4.1765771708730304	-4.0082264552979598	-3.8286552006888601	-3.6396394848514002	-3.4429106597418699	-3.2401471992323199	-3.0329677038615399	-2.8229249734469102	-2.61150106351002	-2.4001032463110699	-2.1900608019043202	-1.98262256902548	-1.7789551898140701	-1.58014198636405	-1.38718241089602	-1.20099201495879	-1.02240288650675	-0.85216450696843604	-0.69094498352809297	-0.53933261479279104	-0.39783775081933698	-0.26689491113354502	-0.14686512689629	-3.8038475760983098E-2	5.9363219767778898E-2	0.14518355752002601	0.21932860940635199	0.28176388681994102	0.33251123897579898	0.37164570375410899	0.39929232899646999	0.41562298067723702	0.42085315293339598	0.41523879358113902	0.399073157471872	0.37268369884111302	0.33642901267701197	0.29069583407773503	0.235896103575334	0.172464105474957	0.100853685389287	2.1535552335852699E-2	-6.5005329993003305E-2	-0.15827225888445801	-0.25775921193829299	-0.36295316744469702	-0.47333632373971302	-0.58838821599674396	-0.70758772939831405	-0.830415008080297	-0.95635325965349305	-1.0848904554863299	-1.2155209272793801	-1.3477468607794001	
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プログラム: Kronig-Penneyモデル
http://conf.msl.titech.ac.jp/jsap-crystal/

Kronig-Penneyモデルによる一次元バンド計算
kronig_penney.py

Usage: python kronig_penney.py
Usage1: python kronig_penney.py (graph a bwidth bpot k Emin Emax nE)
Usage2: python kronig_penney.py (band a bwidth bpot nG kmin kmax nk)
Usage3: python kronig_penney.py (wf a bwidth bpot kw iLevel xwmin xwmax nxw)

実行例１： python kronig_penney.py graph 5.4064 0.5 10.0 0.0 0.0 9.5 51
格子定数 5.4064 Å、ポテンシャル幅 0.5 Å、高さ 10.0 eV
k = 0.0 についてのKronig-Penney方程式の残差Δ を E = 0.0 ～ 9.5 eV の範囲を
51分割してプロット。Δ = 0 のEが固有エネルギー。

実行例２： python kronig_penney.py band 5.4064 0.5 10.0 -0.5 0.5 21
格子定数 5.4064 Å、ポテンシャル幅 0.5 Å、高さ 10.0 eV
k = [-0.5,0.5] の範囲を21分割してバンド構造をプロット。

実行例３： python kronig_penney.py wf 5.4064 0.5 10.0 0.0 0 0.0 16.2192 101
格子定数 5.4064 Å、ポテンシャル幅 0.5 Å、高さ 10.0 eV
k = 0.0 における下から 0 番目の準位の波動関数をプロット。
波動関数は x = 0.0 ～ 16.2192 Å を 101 分割してプロットする。

http://conf.msl.titech.ac.jp/jsap-crystal/


プログラム: Kronig-Penneyモデル

Si の格子定数 a  = 5.4064 Å m* = 1.0me
障壁幅 0.5 Å 障壁高さ 10.0 eV

固有エネルギーの図解
python kronig_penney.py

バンド構造
python kronig_penney.py band



プログラム: Kronig-Penneyモデル
結晶波動関数の表示
python kronig_penney.py wf a bwidth bpot kw iLevel xwmin xwmax nxw

k = 0.1

k = 0.5

python kronig_penney.py wf 5.4064 0.5 10.0 0.0 0 0.0 200 501

python kronig_penney.py wf 5.4064 0.5 10.0 0.1 0 0.0 200 501

python kronig_penney.py wf 5.4064 0.5 10.0 0.5 0 0.0 200 501

Γ点：結合性

BZ境界: 反結合性

任意のk ≠ 0：
1/k 個の
単位格子の周期

ベクト 値により

k = 0.0
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