Linear algebra libraries
(R EAZ-THFHES 1T 3))

Fortran, C, C++, etc
LAPACK (Linear Algebra PACKage)
ScaLAPACK (Scalable LAPACK)
Intel Math Kernel Library (MKL)

Python: numpy.linalg, scipy.linalg

matrix.py

Product of matrixes AB :C =A@B

Inner product V1:V2 :inner =numpy.dot(VI1, V2)
inner = numpy.inner(V1, V2)

Outer product V1 xXxV2:V3 = numpy.cross(V1, V2)

Inverse matrix : Ad = numpy.linalg.inv(A)

Determinant : det = numpy.linalg.det(A)

Eigen values/vectors : 1A, vVA = numpy.linalg.eig(A)

Solve simul. linear eqs. @AX=B :X = numpy.linalg.solve(A, B)

LU decomposition : P, L, U =numpy.linalg.lu(A)

Cholesky decomposition A=LLT :L = numpy.linalg.cholesky(A)

QR decomposition A=QR :Q,R =scypy.linalg.qr(A)



— A& EE#Z R (general coordinate system)

E3ZEER (Orthogonal) — G E1R/IEIE 3L % (Non-Cartesian)
THILFER R (Cartesian)

P r=x. et x5,

e a, 5%,1
IEFRE 3R % (orthonormal system) — & EEHR R (general coordinate system)
ei'ej: ij ai-ajrf—'(?ij
le;| =

e;, a;: ZEYJRIL (base vecor)



Cartesian — general coord. Conversion
(ExXR — —REZEREHE)

F=X, 81T X 28= X, 18T Xy o0,

xc,1= g1 a-éq +xg,2 a; - e
xc,2= g1 ai-e; +xg,2 a - e

a; =a, e+ ae; a, o dy1 Apo €-
are given,

X 1= Xg1011 T Xg2021 (xc,l)

(a11 a21) Xg,1
Xen™ Xg1Q12 T Xg 2022 Xc,2 A1 Aro Xg,z

)



Fractional coordinates in crystal
(FE R D AN EREELR)

Lattice parameters: a,b,c (= a4, a,, az), a, B, v(= ay3, a13, A13)
Lattice vectors: a4, a,, a3 = a,b,c

F=Xe @yt Xeolly T Xp3ll3 = X, €477 X 1€y T X 383
(/1 X;1, X;3): Fractional coordinate (&B 73 » EE BERT)
Internal coordinate (N BB RELE)

la;| = a

a;-a; = a;a;cosa;; (I #j)
aq a1 Q12 A13\ /€1
Az | =1 04z1 dpz2 d23 || €2
as az1 d3z dz3z/ \€3

Fractional coordinate to Cartesian coordinate

Xc1 a1 Qz1  Az1\ /Xf1
Xe2 | =12 Qg2 Aazz || Xf,2

Xc3 aq3 QA3 Qaz3z/ \Xf3



Conversion matrix

a, a11 d12 413\ /€1
A; | =(a21 dzz 0A4z3 ]| €2
as az1 Az 0433/ \€3
la;| = a a,b,c (= ay,a,az)
a;-a; =cosa;; (i +j) a, B,y (= azs, a3, a12)
tkcrystalbase.py
cal lattice vectors()
aq a 0 0 €1
a | =| bcosy b siny 0 e,
as ccosffi ccosf—ccosffcosy asz/) \€3

_ 2 2 _ 2
33 = \/C a3q 0%Y)



Lattice properties
Unit cell volume
V=a4 (a, X az) tkcrystalbase.cal_volume ()
Distance r,,=r, —r, tkerystalbase.distance2() / .distance()
i’ = Irul? = Yo 212=0 Q; * AjXpeiXper,j = Lij 9ijXnt,iXkLj
gij = a; - a;: Metric tensor GtETVI)
tkcrystalbase.cal metrics()
Reciprocal lattice vectors (. rystalbase.cal reciprocal lattice vectors()
a’y =a, X az/V
a, =az X aq/V
a‘; =aq X ay/V
Reciprocal vector at (i k [)
thl = ha*1 + ka*z + la*3
Lattice space
dni™* = |Gpial® = X0 Xjeo @ - @’jhihy = 3 ;Rgi;hihy

Bragg angle h,k,l (= hq, hy, h3)

2dhkl sinf@ = A Rgl] — a*i . a*j
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Fractional — Cartesian conversion

python crystal draw cell.py Rhombohedral cell
and reciprocal unit cell




Inter-atomic distances
crystal distance.py NaCl

Source code:

# Lattice parameters (angstrom and degree)
lattice parameters = [ 5.62, 5.62, 5.62, 90.0, 90.0, 90.0]

# Site information (atom name, site label, atomic number, atomic mass, charge, radius, color, position)
sites = [

# RF= B WESEH N EB EE AR

[‘Na’, ‘Nal’, 11, 22.98997,+1.0, 0.7, ‘red‘, np.array([0.0, 0.0, 0.0])]
JNa’, ‘Na2’, 11, 22.98997, +1.0, 0.7, ‘red, np.array([0.0, 0.5, 0.5])]
JNa’, ‘Na3’, 11, 22.98997, +1.0, 0.7, ‘red‘, np.array([0.5, 0.0, 0.5])]
JNa’, ‘Na4’, 11, 22.98997, +1.0, 0.7, ‘red‘, np.array([0.5, 0.5, 0.0])]
L Cl¢, °CI1°, 17,35.4527, -1.0, 1.4, ‘blue’, np.array([0.5, 0.0, 0.0])]
Cl¢, °CI2°, 17,35.4527, -1.0, 1.4, ‘blue‘, np.array([0.5, 0.5, 0.5])]
JCIY, °C13°,17,35.4527, -1.0, 1.4, ‘blue‘, np.array([0.0, 0.0, 0.5])]
LCl¢, °Cl4°, 17,35.4527, -1.0, 1.4, ‘blue‘, np.array([0.0, 0.5, 0.0])]
]

# Distance range
rmin = 0.1 # angstrom. [RFEERENAminEKEmDIGEE. A—DRERFEALETT
rmax = 4.5 # angstrom. rmax®E CO R FREIEREZETHE



Inter-atomic distances
python crystal distance.py NaCl

OUTPUT
Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0) A
ay: (2.546e-10,  5.62, 0) A
az: (2.546e-10, 0, 5.62)A

Metric tensor:

gij: (- 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A

Volume: 177.5 A™3

Unit cell volume: 177.5 A"3

Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]

Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A"-1

Ray: ( 0, 0.1779, 0) A*-1

Raz: ( 0, 0, 0.1779) A*-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422¢-12, -1.422¢-12) A"-1
(-1.422e-12, 0.03166, 6.382¢-23) A*-1
(-1.422e-12, 6.382e-23, 0.03166) A*-1

Reciprocal unit cell volume:  0.005634 A”-3

nmax: 111

Interatomic distances:
Cll ( 0.5, 0, 0)-Na4 (0.5, 0.5, 0)+(0,-1, 0):dis= 281 A
(cut)
Na4 (0.5, 0.5, 0) - Nal ( 0, 0, 0)+(0, 1, 0):dis= 3974 A
Na4 (0.5, 0.5, 0)-Na2 ( 0, 0.5, 05+(1,0,-1):dis= 3.974A
Na4 (0.5, 0.5, 0) - Nal ( 0, 0, 0)+(1, 0, 0):dis= 3.974A



=HeomER 4,

Ay =[G [ =[ha’ +hb" +1c|

dlz = Vlz (S,,7% + S,k + Syyl” +28,,hk + 28,k + 255, 1h)

S, =b’c’sin’ «

2 2 .2
S,, =c’a”sin” 3

S, =c’a’sin’ y
S,, = abc*(cosa cos f —cos y)
S, = azbc(cosﬂcosy — COS a)

Sy = abzc(cos ¥ COS & — COS ,8)

V = abcal1—cos® a —cos® B — cos® y + 2 cos o cos Bcos
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Bragg angles
python crystal xrd.py 55 S NaCl

OuUTPUT
Lattice parameters: [5.62, 5.62, 5.62, 90.0, 90.0, 90.0]
Lattice vectors:

ax: ( 5.62, 0, 0)A
ay: (2.546e-10,  5.62, 0)A
az: ( 2.546¢-10, 0, 5.62)A

Metric tensor:
gij: (- 31.58, 1.431e-09, 1.431e-09) A
(1.431e-09, 31.58, 6.48e-20) A
(1.431e-09, 6.48e-20, 31.58)A
Volume: 177.5 A™3
Unit cell volume: 177.5 A"3
Reciprocal lattice parameters: [0.17793594306049823, 0.17793594306049823, 0.17793594306049823, 90.00000000257246,
90.00000000516778, 90.00000000516778]
Reciprocal lattice vectors:

Rax: ( 0.1779, -8.06e-12, -8.06e-12) A"-1

Ray: ( 0, 0.1779, 0) A*-1

Raz: ( 0, 0, 0.1779) A"-1

Reciprocal lattice metric tensor:

Rgij: ( 0.03166, -1.422¢-12, -1.422¢-12) A"-1
(-1.422e-12, 0.03166, 6.382¢-23) A™-1
(-1.422e-12, 6.382e-23, 0.03166) A™-1

Reciprocal unit cell volume:  0.005634 A™-3
hkl range: 77 7

Diffraction angle, d, h, k, I:

2Q= 15.75 d= 562 (-1 0 0)
2Q= 15.75 d= 562 (0-1 0)
(cut)

2Q= 2235 d= 397394 (-1 -1 0)
2Q= 2235 d= 397394 (-1 0 -1)
2Q= 2235 d= 397394 (1 0 1)



NAIZAEF — BORASBFER

@', =3, (4 @) (A'=TA)

A1, 1 0 0\ /Qn
<a2,0> = (1 2 O) (az,h>
\/ as, 0 0 1/ \azn

R=2% (xja;)= X (xa"y)= Zj; (x' t;a )75“3_%

X =25 (x5 6) X=TX")
x1h 1 1 0\ /*10
(xz,h> = (0 2 0) <x2,0>
X3h 0 0 1/ \X3p0
_ 1 ' — tT1
aZ,O X =2x () X' =T"X)

()

X1,0 1 1 0\ ! /*in
(xz,o) = (0 0) <x2,h)
X3,0 0O 0 1 X3 h




HFEBREITI

%’é%“lﬁm&%wmzﬁﬁz (@)= (@)  EBITH: (1)

=X (4 @) (A'=TA)

R=X (x;a)= X (x}a')= Z;; (x t; @) M,
=X, () 1) (X="TX")
X4 =% 2% (1) (X' ='TIX)

R-G =hx+ky+z[EADT— R-Gu=R"" G}y
2 (h ) - 2 (h' ’i) - 2 (hl ] Jl)
=2 (I ;) (H'=TH)

G = G'yer FY
E(hay) =X (ha™) =% (hit; a™"y)
a’; =X (¢ a*lj) ( A= tTi?*' )
% - % * 0
a ;=L ()" a7 (A" =T'A")



BT (IS5—HF) L EXHETF

SiDEE ER
2B Fd3m,No. 227 GLAER, ¥ vELHER)
TSR—1BF EAXIEF
ac-=0.5431 nm ag=0.3840 nm a=60°

a'; =2, (tij aj) (A'=TA)

ap 1/2 1/2 0 a1 Fcc
<a2,p> =(1/2 0 1/2 (aZ,FCC>
asp 0 1/2 1/2/ \a3Fcc

1%

X=X (x’j tji) X =TX)
X1,FCC 1/2 1/2 0 X1,p
(xZ'FCC> = 1/2 0 1/2 <x2,p>
X3,FCC 0 1/2 1/2) \X3p
X =2 x) ()" (X' =T'X)

X1p 1/2 1/2 0\ /*ircc
<x2,p> =|1/2 0 1/2 <x2,FCC>
X3,p 0o 1/2 1/2 X3,FCC



BNRFOIN—EF) & EFBT
WL HHF

a'; =2, (tij aj) (A'=TA)

Ao -1/2 1/2 1/2\ /a1Bcc
(aZ,o) = 1/2 -1/2 1/2 (aZ,BCC)
as,o -1 1/2 1/2) \A3Bcc

R=3% (x;a) = Z; (x,a'y) = Zi; (¥ t;; @) Do,
X =25 (x 8) X=TX")
X1 BCC -1/2 1/2 1/2\ /X1p
(xz,BCC) = 1/2 -1/2 1/2 <x2,p)
X3,BCC —1 1/2  1/2) \X3p
X=X ()" (X' =T'X)

X1p ~1/2  1/2 172\ ' /xipcc
<x2,p) = 1/2 -1/2 1/2 (xZ,BCC>
X3,p -1 1/2 1/2 X3,BCC




NABF—=HBFER

ZHAR: NABFHEZABFHOLELLLINS,

INATFEDEKRRTRIL: a,(H), a,(H), a;(H)
=ARFEDEARNIRIL: a,(R), a,(R), 2;(R)
a;(R) = (2a,(H) + a,(H) + a3(H)) / 3
a,(R) = (-a,(H) + ay(H) + a3(H)) /3
a3(R) = (-a,(H) - 2a,(H) + a3(H)) /3

= AR FEHTOHFEEFEZE hk]
INARFEHTOHEFEZHKL
h=QH+K+L)/3
k=(-H+K+L)/3
1=(-H-2K+1L)/3
H=h-k
K=k-1
L=h+k+1

BFEHDOER
ap = V(3a,2 + c?)
sin(a/2) = 3/2 / N3 + (c/ay)?)




Program: crystal convert cell.py

SHED = EAKF LT SLARD = ERBFEH
python crystal convert_cell.py FCC FCCPrim  Ppython crystal convert_cell.py BCC BCCPrim

T

= = RARTFEHR N = EABFEL
python crystal convert cell.py Rhomb RhombHex python crystal convert cell.py Hex HexOrtho

!

!




Madelung potential

Sum of Coulomb potential in 3D is very slowly converging
Potential is proportional to 7!
Polarization potential due to +/- ions is to » -2
Number of ions on the sphere surface at radius 7 is to 72

=> Contribution of 1ons from a surface region at r
to Coulomb sum 1s almost constant, independent of »

Z7.e 1
ij(zy)_ -

Vi )= +UR;']‘(I/;']')

dre, r;

U :%ZUZ.J. =—4,N,

I#]

1 1
Ay = _Z IR Madelung constant

255 1

7%
47e R

+U,

Crystal structure A;
Rock salt type(NaCl) 1. 7476
CsCl type (CsCl) 1. 7627
Zinc blend (CuCl) 1.6380
Wurzite (Zn0) 1.6413
Cus0 type 4.116
Fluorite type (CaFy) 2. 520




		Crystal structure

		Ar



		Rock salt type(NaCl)


CsCl type(CsCl)


Zinc blend (CuCl)


Wurzite(ZnO)


Cu2O type

Fluorite type (CaF2)

		1.7476


1.7627


1.6380


1.6413


4.116


2.520






Madelung potential: Simple sum
python crystal MP_ simple.py

Coulomb sum in sphere with the radius r

60 1

40 -

20 1

Electrostatic potential / eV

—60 4

Rock salt type -t

r f angstrom

it
T

Exact: -8.9 eV



Efficient Coulomb sum: Evjen method

Sum up Coulomb potential in ﬂ/‘w /m s
units with zero net charge A A y &
/B: | 1/4 1i T
il '1:,:4_‘ _______ *1,._/2_“___ 144
[on charges: Z. AT ’
T R L
On boundary plane : 1/2Z CANRES L. 1
On boundary edge : 1/4Z | ;::M—--——i;#’f-"“/ﬂ
/@‘/li__—'—_;._g_____ d‘
On boundary corner : 1/8Z. o kin 4

Fig. 1. Elementary cell of the NaCl-type.

Madelung constant of Rock salt type structure

1 - n_+n, +n 1
Ay =—= Z (_l)x C > >

2 “ 2
nx 9ny ,I’ZZ——OO,-‘#(O,O,O) nx + ny + nZ

AM:6><1><L—12><1>< 1 +8><l>< 1 =1.456

21 4 J1+1 8 J1+1+1




Madelung potential: Evjen method
Usage: python crystal MP Evjen.py n

cell

n MP  Madelung constant
-8.9766 1.7517691
-8.95586 1.7477211
-8.95521 1.7475955
-8.9511 1.747757744
-8.95508 1.7475686
-8.95507 1.7475665
-8.95506 1.7475652

0 -8.95506 1.7475648
Exact (FFFE(E) 1.74756

cell

OO0 Q\ N h W N -

Rock salt type



3D sum of Coulomb potential: Ewald method

Periodic calculation can be enhanced by FT?
Periodic positions of charge
=> converted to the origin of FT data

But the charges are point charges
=> converted to infinite in FT space

=> (Calculate for charges with finite width
FLAYDHLERDEEABI ELTEET D)

A




3D sum of Coulomb potential: Ewald method

The finite width charge distributions are converted by FT

=> Take faster calculation parts in the real space and the reciprocal space
Mo =BRIOT7—)IE#ZF AL, EEBMMESZERMD AR DRV ZEESD

;= KcZ; E f—J (K¢ = 478:80) Al l L
j

A 1 T[zlthll
ol = K. — E —
‘ Cnv |G| =P a? \/ .
h.k,l

X {cosnGpy; - 1) X Zj cos(2mGpy - 1) + Sin(2nGpy - 1) X Zj sm(Znthl r;)}

thl i = hxl- + kyl + lZi

20Z;
1 _ , L Y 11 111
D; —Kclﬁ CIJi—CI)i+CI>l-—CI)l-




Madelung potential: Ewald method

Usage: python crystal MP_ Ewald.py alpha prec

Alpha  Precision
0.3 10-3
0.3 10-°
0.3 1077
0.2 10-3
0.6 10-3
0.8 10-3
0.2 10-10
0.4 10-10
0.5 10-10
0.6 10-10
Exact (FHE{E)

Rock salt type

MP Madelung constant

-8.95558
-8.95506
-8.95506
-8.95506
-8.95607
-8.95584
-8.95506
-8.95506
-8.95506
-8.95506

1.7476663
1.7475646
1.7475646
1.7475646
1.7477629
1.747718
1.7475646
1.7475646
1.7475646
1.7475646
1.74756

Range Time (s)
10.1/222 0.063 /222 0.016/0  /0.016
11.9/333 0.105 /222 0.031/0  /0.031
13.6/333 0.147 /333 0.047/0  /0.047
15.2/333 0.028 /111 0.042/0  /0.042
5.1/111 0.25 /333 0  /0.016/0.016
3.8/111 0.45 /444 0  /0.016/0.016
24.3/555 0.093/222 0.16/0 /0.16
12.1/333 0.373/444 0.036/0.016/0.052
9.7/222 0.58 /555 0.016/0.016/0.031
8.1/222 0.84 /666 0.016/0.031/0.047

Range: R'max [A]/nxmaxnymaxnzmax Gmax [A-l]/hmakaaxlmax
Time: Real space sum / Reciprocal space sum / Total [s]



Comparison: Evjen method

Rock salt type
X Yy  nz r m

O 0 1 1. 6
0o 1 1 14142 12
1 1 117321 8
X Yy nz r m

O 0 1 1. 6
0o 1 1 14142 12
1 1 1 1.7321 8
0O 0 2 2 6
o 1 2 22361 24
0 2 2 28284 12
1 1 2 24495 24
1 2 2 3 24
2 2 2 3.4641 8

yA

-1
1

—1

‘4ﬂ4 -

S(mZ/r)
-6
8.48528
-4.6188

-2.13

S(mZ/r)
-6
8.48528
-4.6188
3
-10.733
424264
9.79796
-8
2.3094
-1.52

1
2

(0 0)

nx,ny,nz=—00,¢(0,0,0)

f

0.5
0.25
0.13

0.5
0.25
0.5
0.25
0.13

S(mzZf/r)
-3

2.12132034

-0.5773503

—-1.456

S(mZf/r)
-6
8.48528137
-4.6188022
1.5
-5.3665631
1.06066017
4.89897949
-2
0.28867513

-1.7518

n

WNN2 oo~ =000 =0 0X

=)

WwwnNdlwNn=mTwNdN=oNdMIdMN eI =2 =smoK<

(_1)nx+ny+nz

=]

WWWWWWWWPWWNNNNNN = = =N

1
1.4142
1.7321

2.2361
2.8284
2.4495

3.4641

3.1623
3.6056
4.2426
3.3166
3.7417
4.3589
4.1231
4.6904
9.1962

m
6
12
8
6
24
12
24
24
8
6
24
24
12
24
48
24
24
24
8

1

\/nxz +n,% +n,?

Z S(mZ/r)

-1

-6
8.48528
-4.6188

3
-10.733
4.24264
9.79796

-8

2.3094

-2
7.58947
-6.6564
2.82843
-7.2363
12.8285

-5.506
-5.8209
5.11682
—-1.5396

-1.91

f

— )t ) et e e )

o o
o1 o1 —

0.5
0.25
0.5
0.5
0.25
0.5
0.25
0.13

S(m2Zf/r)
-6
8.485281374
-461880215
3
-10.7331263
4242640687
9.797958971
-8
2.309401077
-1
3.794733192
-3.32820118
0.707106781
-3.61813613
6.414269806
-1.3764944
-2.9104275
1.279204298
-0.19245009

—-1.7470

Exact value = 1.7476



Sheet1

		nx		ny		nz		r		m		Z		S(mZ/r)		f		S(mZf/r)

		0		0		1		1		6		-1		-6		0.5		-3

		0		1		1		1.4142135624		12		1		8.4852813742		0.25		2.1213203436

		1		1		1		1.7320508076		8		-1		-4.6188021535		0.125		-0.5773502692

														-2.1335207793				-1.4560299256

		nx		ny		nz		r		m		Z		S(mZ/r)		f		S(mZf/r)
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