Linear least squares method (ILSQ)
R/ FEE




Approximation of many sample points:
Minimization (Optimization)
(ZHDOBERR[D I F=/MEERE)
How to determine most plausible parametersaand b
If observed data (x,, y,), === (X,, Y¥,) follow f(x) = a + bx,
% Error g; should be considered: y; = f(x;) + €

Fundamental idea: Determine a and b so as to minimize (maximize)
a target function S (e.g., error residual function (& z=g5%))

Minimax approximation L., norm: minimize ma<>%|f(xi) — v;
aAsx<

Minimize L, norm : S =X[f(x)) —y; | Sn = Zilf(xy) — yil"
L east-squares (LSQ) method (&/hNEFi%) L, norm : S = X(f(x;) — V;)? Lo norm: So =0

L, norm:




Linear least-squares method (#f#2 &x /N = T ;& /4R 2 [Bl1F)

Linear problem:
Model function f(x;) = a + bx; is a linear function of fitting parameters a and b:
Not necessary to be a linear function of x;
Minimize the objective function (loss function) S = X(a + bx; — y;)?
dS/da=2Z(a+bx;—y;) =2an +2bxx,—2%y; =0
dS/db = 2Xx;(a + bx; — y;) = 2a%x; + 2bXx;2 — 2Zx.y; = 0
X Solve simultaneous equation
2n-a +2¥Xx b =2Xy
2¥X; = a+2XX? - b=2XXy;

Matrix representation would be easy to understand:

" Z:xi ay [ XLV
XX (b)_<2xiyi>

(a, b) are obtained by solving the 2x2 matrix equation
Even for f(x) =a + bx + cx? += ==, only one matrix operation can give a final solution



ILSQ: Polynomial
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|x;| > 1 might cause overflow,

|X;] <1 might cause underflow errors.
=> Normalize the x range e.g. to [-1, 1] : x; = 2 Xi~Xmid

Xmax ~Xmin
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by average and standard deviation: x;" = 2 ————5
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python Isg-polynomial.py 3

Program: Isg-polynomial.py
Usage: python Isg-polynomial.py n,, e,

python Isg-polynomial.py 6
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ILSQ: General functions (£ & DB %k)

F() = asf1(x) + azf2(x) + -+ + apfp(x) = Xj_g @ fr(x)

f(x) Is a linear function w.r.t. a;, applicable to arbitrary base functions f (x).
ed.,f(x)=a+blogx+c/x,f(x,y) =a+ bxy+cy/x

Minimize S = 31 (X}_; ax fr(x)- )

LAGDAG) LAGD)LGD) LAG)GGD o ZAGDHED\ sa; Y yifi ()
2LREDAK) XhREDLGD L)) 2 L) () || a2 2 Yif2(x:)
L)AG) LiDLE) L)) Xfs(x)fp(x) || 43| = | 2yifsC)

pr(xi‘)fl(xi) LG fa(xi) X fv(x)fz(x:) Y fo(x)fp(x)/) \% 2 Yifp(xi)
Dy yr = ?:1 fkr(xj)fk (Xj) A =ay Vi = ?zlyjfk(xj)

Solve DA =V
X = (f(x;)): Design Matrix
D=XX,V =XY, YVyeqice = X'A



Program: Isg-general.py

Usage: python Isg-general.py ne,.

fittoy = co + cysinx +c¢,cosx + c3sin2x + ¢4 cos 2x
+c5 sin 3x + ¢4 cos 3x

python Isg-polynomial.py 6

python Isg-general.py 2 y = 0.753 + 0.0064 sin(x) + 0.00358 cos(x)
y = 0.740 + 0.000432 sin(x) +0.125 sin(2x) + 0.303cos(2x) + 0.0119sin(3x
A€ Q=X QB AEI Q=B
12{ °_ Underfitting GRBA) . mea - . I
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Ex of ILSQ: Lattice spacing of triclinic lattice
(=R @FEROEMER)

dhkl_z = |thl|2 = |ha* + kb* + lC*lz
1

—=S,h? +S,,k? +S,.1% + 2S,,hk + 25, kI + 25, Ih
hkl

S,=a -a =h’c’sin“a/V?
S,,=c’a’sin® BIV?

S,,=c’a’sin’y/V?

S, =a -b"=abc?(cos e cos f—cosy)/V?
S, = a’bc(cos fcos y —cosar )V 2

S,, =ab’c(cos y cos o —cos 5)/V?

V = abc+/1-cos® & — cos’ B —cos’ ¥ + 2CoS a COS B COS
The form of d,, is a linear function with respect to S;;.
1. 5; Is obtained by ILSQ
2. S;; => Reciprocal lattice parameters (a”, b, ¢*, a”, 7, y')
3.  =>Lattice parameters (a, b, ¢, o, B, )



Handling Outliers (A U EDERY L)

Least-squares (LSQ) method: minimize S = X(f(x;) — y;)? = Zr;?
- Large residuals make a disproportionately large contribution because they are squared.
- The largest residual is not explicitly bounded.
python minimax.py --tnoise z2 --knoise .5

Minimax approximation: minimize max|f(x;:a) — y;| ] ¢ .
1 v

----- true function

- Guarantees the largest deviations are minimum o] T it
- QOutliers change the regression curve very significantly | ™ femete
Algorisms: ™
(A) Linear programming (LP) with inequality constraints -1

(B) Remetz(-like) method
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Robust Regression in the Presence of Outliers sinizssz0/2rmm)

Huber regression (Huber[a])&) using IRLS (Iteratively Reweighted Least Squares)

1. Perform a least-squares fit with the initial weights
(w=1)

2. Calculate residuals r;

3. Downweight data points with large residuals. ®

RENKRESVRDEHZT/INSKT D)

Example for Huber regression:
1 flr <6,
W, = { if |1 I<

huber _irls.py

Huber regression by IRLS, degree=2, delta=0.15

0/l ;| otherwise.

4. Solve the weighted least-squares problem again
using the updated weights.
FHLVEH THUR/N - FEEHE
Return to Step 2 and repeat until convergence.
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