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Smoothing (F;i&1k)
Take some average for sample points
= Moving average (& ¥14)
= Simple moving average (Eff% e T1):
Average of sequential data with the uniform weight
*Weighted moving average (nE#&F1Y).
Average of sequential data with weight
Weight: Linear, Triangular, Exponetnial, Gauss, etc...

Approximate sample points by some function
= Polynomial smoothing (£E=®(-&%F&1L)

= Smoothing spline (R 751> Fi&1t)

= Least-squares method (&/N=%:%)

Other
« Fourier transformation (7—1 T Z#y)



Calculation
Simple moving average (2m+1 points)
1 i+m

Yi smoothed — om+1 ~j=i—-m Yij

Weighted moving average (2m+1 points)
_ \i+m / I+m

Yismoothed = ZLij=i-mW;jJY;j j=i-m Wi



* Moving average (& F19:%)

Smoothing (F;i&1k)

Smoother with more sample points for average,
but would alter the function shape if the function is not monotonic.

=> Affect peak height, valley depth, peak width etc...

The range of averaged sample points larger than the peak width

4500
4000
3500
3000
2500
2000
1500
1000

500

0

= sample points

Red: 5-points

simple moving average

10

=> split peaks might become difficult to be separated.
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Smoothing

Simple moving average (2m+1 points)
1 i+m

Yi smoothed — om41 Aj=i—-m Yij
Weight

i-i0 1p simple avg 7p 9%
5 0 0 0 Weights of simple moving average
-4 0 0 1 2
-3 0 1 1 ——1p simpleavg ——7p 9p
-2 0 1 1
-1 0 1 1
0 1 1 1 1
1 0 1 1
2 0 1 1
3 0 1 1
4 0 0 1 O
5 0 0 0 -10 -5 0 5

W 1 7 9

10



Smoothing
Weighted moving average (Zm+1 points)

_— \i+m I+m
Yi,smoothed = Lij=i-m Wi)’j/ j=i-m Wi

i-i0 triangle linear exp Gauss

= . o 0006738 ] L3961 Weights of weighted moving average

-4 0.2 0.2 0.018316 1.13E-07 2

-3 0.4 0.4 0.049787 0.000123 ——triangle —e—linear exp Gauss

-2 0.6 0.6 0.135335 0.018316

-1 0.8 0.8 0.367879 0.367879

0 1 1 1 11

1 0.8 0 0.367879 0.367879

2 0.6 0 0.135335 0.018316

3 0.4 0 0.049787 0.000123

4 0.2 0 0018316 1.136-07 O

5 0 0 0.006738 1.39E-11 -6 -4 -2 0 2 4
w 5 3 2.156111 1.772637



Smoothing: Polynomial fit method (£1E=X#4& %)

Adopt n,, 4, order polynomial to n, sample points among the given

n sample points, determined by LSQ
TR N REEBERZR/NERETRD ERARDEZRIET S

Polynomial fit: 11, 31 points Simple moving average: 5,11, 31 points
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Weights of polynomial fit (Savizky-Golay method)

Z I B A % (Savizky-Golay;%) D EH
mER, BEERDOIO DR T—2 018, CQHMR%t (1986)
Table 5.1 Weights for #ofeointsN 25 23 21 19 17 15 18 11 9 7 5

i . m=int(N/2) 12 11 10 9 8 7 6 5 4 3 2
order 2 and 3 polynomial fit 12 253

-11 -138  -210

-10 -33  -105 -171

-9 62 -10 -76 -136

-8 147 75 9 -1 -105

-7 222 150 84 24 -30 -78

-6 287 215 149 89 35 -13 -b5

Order 1: Simple moving average o] 2| o] 204 144 %) 42 9 -3
. -4 387 315 249 189 135 87 45 9 -21
Orders 2 and 3 have the same weights 3 422 350 284 224 170 122 80 44 14 -10

-2 447 375 309 249 195 147 105 69 39 15 -3
-1 462 390 324 264 210 162 120 84 54 30 12
0 467 395 329 269 215 167 125 89 59 35 17
1 462 390 324 264 210 162 120 84 54 30 12
2 447 375 309 249 195 147 105 69 39 15 -3
3 422 350 284 224 170 122 80 44 14 -10
4 387 315 249 189 135 87 45 9 -21
5 342 270 204 144 90 42 0 -36
6 287 215 149 89 35 -13 -55
7 222 150 84 24 -30 -78
8 147 75 9 -1 -105
9 62 -10 -76 -136

10 -33  -105 -171

11 -138 -210

12 -253

Normalization factor 5175 4025 3059 2261 1615 1105 715 429 231 105 35
Weights for order 2 and 3 using (2m+1) points (2m+1) mZFFAWV=2 3R ZIERXEES D EH)
wy3(j) =3m(m + 1) — 1 — 5j2 j=-m,---,-1,0,1, ---, m
W,s = (4m? — 1)(2m + 3)/3



Program: smoothing.py

Usage: python smoothing.py
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Fourier transformation (7—V) Tz )

Different definitions
CFTo—uzzm)  F(o)=[ fexpliot)dt

IET qao—yTEm) f(b) =2i [ F)exp(-int)do
T Y-®

o

FT F(w)=| f(t)exp(i2zft)dt

T f(t)=| F(o)exp(-i2At)do

Features of Fourier transformation

= Convert time-dependent data to frequency data

= Convert position-dependent data to wavenumber data

= Origin of original data is converted to whole range of FT data

= Whole range of original data is converted to origin of FT data

= |FT of FTed data recovers the original data
FourierEZ#L1=T —4%Fourienf £ 5ETDT—2IZRS



Convolution (& #5A#)
(F ) = £ = | FaDglx - ¥y’

Observed peak has a finite width

originating from apparatus function g(x) For a real case a sample has an intrinsic peak
Even if the intrinsic peak has zero width f(x), the observed peak will be a convolution
(delta function 6(X)) of f(x) and apparatus function g(x), f*(x).
AMAREDT—RIEIREL O E%) TH. HHEAEDT—421F f(x) TH BESNEDIE

BITE fE XL BB g(x) DILAYZERED HKEMM () DEHAHZELIZF()

g(x) 6(x)

[ g(dx=1



Convolution: Matrix representation (1751% %)

FEX wE. HEFTAOEODRET—2 0, CQHhR (19864F)

. N
a0 = | Fege—x)dr =N Y FagGn - )
. Z

\.A__
e P, TR NS,
. 0 ~—__ o
| =
f(x)
f(x) g(x; — x;) Intrinsic signal

Observed signal Apparatus function

Very often, matrix g;; Is a band matrix with maxima at diagonal
(175 g;; IR ABERICERREZFOFITIIGEEIEMNZLY)



Smoothing by convolution (smearing)
BAHIAAIZEDHTEIE (FHL)
Density of state (DOS) function calculated by density functional theory
ZENEME THza-InGaznO,DIRREFE
Problem: Many noise, difficult to read
Add finite-width Gauss function to each data (FhFh DT —42(-GaussBIZ D LEHY)
G(E) = exp(-[(E — Eg)/w]?) (w=0.2eV)

I 200

;Calced DOS
— Convoluted

=) o]
o=} (=] o=}

L
” 1 1P

u
H

o ]
4

0
A

s 7 6 5 4 3 2 a4 o 1
Note: Estimation of band, edge energies will have the errors originating from
the smearing width w




Program: convolution.py

Usage: python convolution.py width

width: width of Gaussian function to convolute

python convolution.py 0.05

python convolution.py 0.2

. Figure 1 - O X
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Convolution (&#iA#)
(F*)(x) =70 =] f(x)g(x—x)dx

Example UPS spectrum of Au Fermi edge

Intensity (a.u.)

7
== -r-t-4 ]

o F(E), T=300K,

Vi E. =-0.017eV

1.0 0.5

0.0 -0.5

Binding energy (eV)

S(E) for different sample is obtained by deconvolution using the G(E) obtained by

the reference spectrum
GE)YDNHMEE MMDEBARIRILMNG HEEHIAHTSE) HNHhd

-1.0

| Intrinsic sample spectrum

S(E)
Apparatus function

G(E) = Goexp(-[(E-Eg)/aw]?)
Fermi-Dirac distribution

f(E) = 1/(1+exp[(E-ER)/kgT]) eq. (1)
Observed spectrum

I(x) = j S(E"NG(E — ENf(E — ENdE'
Assuming c_ooﬁstant S(E) for Au reference,

J G(E) is determined by fitting eq. (1) to I(x)

w=0.12 eV



Filter and convolution

: V1
o . Convolution: ay| |1 ayl y1—Yy-1
First differential Matrix product of axl, ~|n (.—1 0 1) <§2> ax|, oh
data vector and filter 2 Fllter 2 4 ,
Second differential d 32’ — (1 -2 1) <}’z> it B & St 4 T Y1
dx2l, — 2h Va dx2 h2
1 J1 Syt s+
Simple moving average (3 points) Yas=5(1 1 1) ()’2) y2,5~y1 };2 Y3
Weighted moving average (3p one-side triangle) == (O 2 1) (3’2)
Weighted moving average (3p double-side triangle) == (1 2 1) ()’2)
V1
y
Polynomial fit smoothing (2m+1 points) V3¢ = 3—15(—3 12 17 12 -3) yz

Differentiation, smoothing, convolution may be performed with
the same convolution program by adopting appropriate filters.
W, FiBie. avRJa—2avik, T4UE—EEZSHEFT RLaVR)a—3arJna
T3 LERATES



i-i0

1p simple avg 7p

o

= o o o o o rr O o o o

N o o, P R RP R RFP P2 O o

Weighted moving average (2m+1 points) Vi smoothed = Tw j’:’;” m WiYj
j=i—-m

e.g., one-side triangle: (w_,,wy, wy) = §(1,2,0)
triangle : (w_l,wo,wl) = l(1,2,1)
Gaussian —:w; = — e (al)z
[ . \

9p triangle linear exp Gauss 3p order.3 p

polynomial
0 0 0 0.006738 1.39E-11 0 0
1 0.2 0.2 0.018316 1.13E-07 0 0
1 0.4 0.4 0.049787 0.000123 0 -10
1 0.6 0.6 0.135335 0.018316 0 -3 15
1 0.8 0.8 0.367879 0.367879 0 12 30
1 1 1 1 1 5 17 35
1 0.8 0 0.367879 0.367879 0 12 30
1 0.6 0 0.135335 0.018316 0 -3 15
1 0.4 0 0.049787 0.000123 0 -10
1 0.2 0 0.018316 1.13E-07 0 0
0 0 0 0.006738 1.39E-11 0 0 0
9 5 3 215611 1.77264 5 35 105
m= 1 2 3 5 4 3 2

Weights for various smoothlng

Equivalent to convolution

using these functions

~1p simple avg

triangle
~linear




Weights of polynomial smoothing
Order 2 and 3 polynomial fit usmg (2m+1) pomts

W23(j)—3m(m+1)—1—5] j=-m, ---,-1,0,1, -
1 i+m :
Yismoothed = W_23 j=i—-m W33 (])yj
. 3p order 3 :
i-i0 volynomial 5p 7p ——-3p order 3 polynomial
5 0 0 0 #0 5p
-4 0 0
-3 0 0 -10 20 ’p
-2 0 3 15 Equivalent to
-1 0 12 30 4 convolution using
0 5 17 35 these functions
1 0 12 30
2 0 -3 15 A
— - O -———
3 0 0 10 . 0 c
4 0 0 0
5 0 0 0 -10
W 5 35 105
1 2 3



Smoothing by python library

Smoothing. py

Simple moving average

# make a constant filter with weight of 1/N
W = np.ones(nsmooth) / nsmooth

# convolution

ys = np.convolve(y, w, mode = ‘same*)

Polynomial smoothing: Savizky-Golay filter
ys = scipy.signal.savgol_filter(y, nsmooth, norder, deriv = 0)

nsmooth: number of smoothing points

norder : order of polynomial

deriv  : order of differentiation

;E = savgol_filter() takes differentiation to specify deriv =1,
but its absolute values are different from the first differentials
because savgol_filter() does not know x-axis values.
Divide the results by h®" after smoothing if you need absolute values
Note: check the final results by yourself



Multi-dimensional filter, convolution, image processing

X differential filter (edge detection)

NOTE: different from

0 —1 0
Y differential filter (edge detection) %( 0 0 O )
convolution in mathematics

0 1 O

0 1 0
Diagonal differential filter (edge detection) % <—1 0 1)
0 -1 0
Smoothing filter (smearing/blur) < sharpening can be done by deconvolution

. 1 1 1
5 <1 1 1)
1 1 1
Convoluted Neural Network (B#AH=—21—FILRYRT—2)

Insert a convolution layer in multilayer neural network to learn the elements of the filter
We may know how the filter works by analyzing the values of the filter elements



Deconvolution (%8 #&3A#)

(F*9)(x) =170 = f(x)g(x-x)dx
Fourier transformation F*(k) =f f7(x) exp(ikx)dx

(FT) . |
Inverse Fourier F(x)= LO F (k) exp(-ikx)dk

transformation (IFT) 9(x) = G(k")exp(-ik'x)dK
F*(k) = f O:o F(x)g(x — x") exp(ikx)dxdx’
_ f: £ ( j g(x — x') exp( ikx)dx) dx’
— j_o:o f(x) ( j g(x) exp(ik(x + x’))dx) dx’

= j ) f(x)G (k) exp(ikx)dx'
= F(OG(K)

f(x) can be obtained by IFT of F(k) = F*(k) / G(k), but usually

IS vulnerable against small perturbations like noise
F(K)=F'(K)/GKZETELTHI—)TEHT f(x) N F5ND
=> JAXGEDHDHEFRRETHEMNFEHRLLT L



Convolution: Matrix representation (1751% %)

FEX wE. HEFTAOEODRET—2 0, CQHhR (19864F)

. N
a0 = | Fege—x)dr =N Y FagGn - )
. Z

\.A__
e P, TR NS,
. 0 ~—__ o
| =
f(x)
f(x) 9(x; — x;) Intrinsic signal

Observed signal Apparatus function

Very often, matrix g;; Is band matrix with maxima at diagonal
(175l g;; IR ABERICRREZFEOFITIIGEIENZLY)



Deconvolution (%8 #3A#)

\ FEX wmE. BEFADOLOHDERT 20 CQH IR (19864F)
Fr(x)=N"> f(x)a(x —x;)
j=1

Deconvolution is carried out by solving the linear simultaneous equations,

£ Jdo 9-1 g-w-0\ /hH
fy In-1 9o I

However, similar to the FFT method, usually vulnerable against noise
(F—)IEBELRR. /A RBEDNHDERLRETHENEBLOTLY)

Better way:

1. Remove noise effects (smoothing etc) before deconvolution

2. Use an iterative method (e.g., Jacobi method and Gauss-Seidel method) to
solve the simultaneous equation, where noise-compensation process Is
Included during the iteration process.



Jacobi / Gauss-Seidel method

Solve large-size simultaneous linear equations:

a1 Qg2 ain\ /X1 b,
Az1 dz2 X2 | [ by
an1  Ann/ \XN by

For (k+1)-th iteration, x;**1) is estimated from x;
(initial data may be chosen as x;(®) = b;, uniform value x;(® = 1, etc):
(i) Jacobi method: x;¥*1) = (b; — T1.; a;;%;%) /a;;
x1(k+1) = (b1 — a12x2(k) - a13x3(k) — aleN(k))/all
x VA = (bz — a1, — az30031) — - — azzva(k))/azz

(||) Gauss-Seidel method: x,-(k“) = (bl — Z]l;% ain'(k+1) — N i+1 ai]-xj(k))/aii

J j=
Using the known x]-("“) values enhances convergence.
x1(k+1) = (b1 — a12x2(k) - a13x3(k) — aleN(k))/all
xz(kH) = (bz — a21x1("+1) — a23x3(k) — aZNxN(k))/aZZ

Convergence is better for the Gauss-Seidel method,
While parallelization is more easy for the Jacobi method.



Program: deconvolution.py (mode=fft)

Usage python deC0nV0|UtI0n . py file mode convmode smoothmode xmin xmax Wa Grange kzero klin
see usage of the program output

python deconvolution.py pes.csv fft full convolve+extend -4.52.00.122.055
Use FFT and iFFT without smoothing

%, Figure 1 -

AEIPQEXDRB

300000 A

Compare the raw data (blue) deconvoluted
2000007 and the deconvoluted data (orange)
Convolution is unstable

unless noise-compensation is applied

100000

—— input{convoluted)

0 T T T T T
-4 -2 0 2 4 6

300000 | IR P \ — input(raw)
- —— . input(convoluted)
200000 1 A— \ Compare the raw data
. g \ and the convoluted data of the deconvoluted data.
/ \Should be the same
° o 5 o ; 3 5

—— WF for FFT

x=-0.616378 v=0.475817




Program: Gauss-Seidel method with smoothing

Usage: python deconvolution. PY file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc
see usage of the program output

python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-450
Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.
5-point polynomial-fit average is applied for each iteration.

*. Figure 1 — [m]

A€ PQ=EXA

300000 - E— -
. _— —— input{convoluted)
o — Tr—— deconvoluted
—
200000 - - '

o Compare the raw data (blue) and the deconvoluted data (orange)
Convolution is unstable unless noise-compensation is applied

0

T T T T T T T
=5 -4 -3 -2 -1 0 1

300000 A -

—— input{raw)
input{convoluted)

200000 -

Compare the raw data and the convoluted data of the deconvoluted data.
Should be the same

100000

0

-5 -4 -3 -2 -1 0 1

—— WF for Gauss-Seidel method




Deconvolution: Gauss-Seidel method w/o smooting
Usage: pythOn d@COﬂVOlUtiOﬂ.py file mode xmin xmax Wa dump nmaxiter eps nsmooth zeroc

see usage of the program output
python deconvolution.py pes.csv gs -6.0 2.0 0.12 1.0 300 1.0e-4 1 0

Use Gauss-Seidel (gs) method with the width of the Gaussian function of 0.12 eV.

No smoothing is applied for each iteration.

400000 +

300000 ~

—

\\

A
L
Lt

I A e oy o e e e L I

—

200000 4
100000 \

0 T T T T T =

—— input(convoluted)
deconvoluted

. Compare the raw data (blue)
NN AATTS \, and the deconvoluted data (orang

T
-5 -4 -3 -2 -1 0

T
1

300000

200000

Compare the raw data
and the convoluted data of the decanvoluted data.
Should be the same

100000

0

—— input(raw)
input(convoluted)

T T T T
-5 -4 -3 -2 -1 0

T
1

Gaussian function to convolute

—— WF for Gauss-Seidel method

e)



value

Why Is deconvolution sensitive to noise?: deconv_noise_demo.py

Gaussian blur: n=15, sigma=1.4, cond(A)=3.602e+03

0.0010 1 ii —e— true pulse signal x
:\‘ convolved datay = A x

f S Gnevea s onesantnase | * 1T N0 true signal exists, the ideal measured data should

A g be zero everywhere.

« However, if even a small error is introduced at one

| point in the measured data, direct deconvolution tries

R R to explain that error as part of the true spectral

o ' S — structure.

I e ceny |« |n this situation, the direct method cannot treat the

error at only that single point.

 In convolution with a finite width, each measured
point is produced from signals at multiple neighboring
points. Therefore, neighboring points are coupled in
the system of linear equations.

/\ « Asaresult, a correction at one point also affects the

" /\ equation for the neighboring point, and the effect
o-oﬁévzf A A "°‘”&Vﬁ~r propagates successively to the next neighboring points.
~0.2 « Consequently, false structures that oscillate between

-04- \/ \/ \/ \/ positive and negative values spread throughout the
06 : S T— reconstructed spectrum.
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7:57‘@'7'3/' \'J:.—*/El/(d:/'fx“kﬁgb\d)b\ deconv_noise_demo.py

blur: n=15, sigma=1.4, cond(A)=3.602e+03
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