Approximation of discrete data:

Interpolation/Extrapolation
(BEEL T —2 DL fHfE /o)



Interpolation
Pattern 1: Reproduce all sample points @& d@3)
n sample points are reproduced by (n — 1) order polynomial.
- Interpolated data might be scattered largely in particular for

orders higher than 3 (Runge’s phenomenon/oscillation o4 08%).
B RO REIREIT SEEN TS FHFIBRULDZER
=> To suppress the Runge’s phenomenon:

Make the n-th order differentiations continuous at the boundaries
between neighboring regions
=> Spline function
n sample points are reproduced by (n + N — 1) order polynomial.

Pattern 2: Smoothing (FE:g1k)
Scattering of data will be reduced

Pattern 3: Does not reproduce sample points exactly,
but the deviation will be minimized
(BREZELSLTLD., MET—2IERGAMhL RESINALY)
- Least-squares method (LSQ, &/ =)
- Minimax approximation (=<v- X5E)



Polynomial that reproduces sample points
(FEARRZTEHZIER)

n sample points (x;, y;) (i=1, ---, n) are reproduced by (n — 1) order polynomial.
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IX;| > 1 might cause overflow,
IX;| < 1 might cause underflow errors.

=> Normalize (E#1t) the x range e.g. to [-1, 1] : x; = 2

Xi—Xmid

Xmax—Xmin

Standardize (#£#1k) by average and standard deviation: x;" =

’) Xi—Xaverage
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agrange interpolation formula
CPPANL N VNS
FHEZER, MyaE AR BUES R, A — L+t (BBHI584)
(n — 1) order polynomial that reproduces n sample points
(X, y;) (1=0, -+, n—1) is determined uniquely.
Lagrange interpolation formula

Ph_1(x) = f(xo)Po(x) + f(x1)p1(x) + - f(xp—1) Pp_1(x)
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agrange interpolation formula: Practical implementation
(REDIHE)

interpolate lagrange.py: LagrangeEEZEH&REHYEHE

ERANEER GIEN-ZTEICEFTHE):
Interpolate lagrange barycentric.py
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Problem of such polynomials

- Increasing the sample points will change the coefficients of polynomial completely.

" Runge’s phenomenon / oscillation (JLU 7 DER)
High order (e.g. >3) polynomial will cause large oscillations at points other than the sample
points (FEROLERX TIFERRUNTREURETHENHD)

EX. Interpolate f(x) = 1/ (1 + x?) for (n
X =[-2, 2]
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In the machine learning (B HFEE):
Overfitting (B &), Overlearning (AFE)



Interpolation: Piecewise polynomial interpolation
(R Z A #EE)
Connect divided sections by polylines (#rh#2)

=> First derivatives will be discontinuous at the boundaries

=> (n — 1)-th derivatives are continuous for whole range:
Order n spline functions (nk» 2751 > %)
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Interpolation by FFT (Fast Fourier Transformation)

compare FFT.py
1. Fourier transform S(t) to S*(f)
2. Increase the number of data by adding zeros in the high |f| region (zero padding)

3. Inverse Fourier transform RS : 5% L IFFTHMAR
ol /\h Y
0.5
= 00
)
o
0.5 /
-1.04 - X (D)
| X2 (fEslE) 1 =
154 @ (IFFT) :
0.0 2.5 5.0 75 10.0 12.5 15.0 17.5 20. 0
t (s)
R asEs; : FFTIRIER R4 kL
0.5 rif :5 —a— FFT X1 (D)
LA TE
f 3 (C:4=VAc POV
I
© [ |
g \ |
=
=
£
| ]




1.
2.
3.
> python interpolate fft.py generate

data: interpolate_fft.test.xlIsx: TB band

1.00 A

Fourier transform E(k) to E*(x)

Interpolation by FFT (Fast Fourier Transform)

For a periodic function E(k) (like an energy function E(k) of crystal), interpolation can be carried out by:

Increase the number of data by adding zeros in the high |x| region (padding)
Inverse Fourier transform
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