Numerical solutions of

differential equations
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Motion of planets — Analytical solution
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Elliptic equations &R AER)
Long radius of ellipse a'=2b/ (1 — 52)
Short radius of ellipse b'=2b/\1-¢’

Eccentricity @i 3*R) £AMOER/REE €= VI42EP  me?

Close distance point (i & B 8#) q = a'(1-e) = b/(1+e)

Long distance point (i & i) Q=a’(l+e) = b/(1-¢)
Period (E#) T =2rnvma’/c



Normalization of equation
(FEADHRIE/FERITIE)
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Convert variables to T and R by representative constants t, and /,

[,: Time and length specific to the system
— | R Tps Lo- gih sp Yy
! TOT l Choose so that 7 and R will be of orderl

2 E.g., for planet simulation
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[, = Revolution radius, Astronomy unit
for molecular dynamics (MD)
= MD time step
ZO Bohr radius (atomic unit)
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First-order diff. eq. : Euler formula (15—%)

x(t + At) —x(t)
At _ f(t,X(t))

x(t + At) = x(t) + At - f(t, x(@))

" Accuracy not good
- Asymmetric with respect to z, #+At



Illustrative image of Euler method

x(t+At)=x(¢)+ At - x'(¢)

x(7)

x(t + At)




First-order diff. eq. : Heun formula (k1 >i%)

dx
—=f(t.x()
dt
= Average the Euler formula at 7 and #+A¢
x(t + At) = x(t) + %At[f(t,x(t)) + f(t + At, x(t + At))]

Problem: x(z+Af) and f(t+At, x(t++Af)) are unknown
=> Use x(#+Af) by Euler formula
x(t 4+ A)~x(t) + Atf(t) = x(t) + ko

ko = At f(1,x(0))
ko =At- f(t+ At x(t+At))~ At~ f(t+ At x(¢)+ k)

ko + k4
2

x(t + At) = x(t) +




Illustrative image of Heun method

dx

=x(D)= f(t,x())

Euler;3

Heuni x(¢+At)=x(t)+Ar-x',, (¢)

= x(t+ At)=x(¢)+ At - x'(¢)

f (%)

X' t+At)

x(t+At) = Al (0)+x' (e + Ar)]/ 2

x(t) =

/ — ()

I t+ At



First-order differential equation

dx

E — f(t,X)

Euler formula: k, = At - f(t, x(t))
x(t + At) = x(t) + kg

Outline of program Heun formula: k, = At-f (t; X (t))
k, =At- f(t+ At,x(t) + ky)

dt =0.01 ko+kq
x(t + At) = x(t) +
t0=0.0 ( ) (t) 2
x0=1.0
# dx/dt = dxdt(t, x)
def dxdy(t, i): # Solve by the Euler formula # Solve by the Heun formula
return -X*x def diffeq_euler(diff1func, t0, x0, dt): def diffeq_heun(diff1func, t0, x0, dt):
k0 = dt * diff1func(t0, x0) k0 = dt * diff1func(t0, x0)
x1 =x0 + kO k1 = dt * difflfunc(t0+dt, x0+kO0)
return x1 x1l =x0+ (kO +kl)/2.0
return x1

x1 = diffeq_euler(dxdt, t0, x0, dt)
x1 = diffeq_heun(dxdt, t0, x0, dt)



Program: Euler vs. Heun methods
Usage: python diffeq euler heun.py x0 dt nt 1print _interval

python diffeq euler heun.py

% = —x? for xq = 1.0,At = 0.1,n, = 501
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First-order diff. eq. : Simpson rule co7vom)

[ g~ Hlg )+ 40 + 2] = £~ £ (x)

YO _ oy = P (o)
» dt

x(t+2A10) = x(1) +§At[ FO+AF(+AD)+ f(t+2A0)]

Solution of

Problem: x(#+Af) and x(#+2Af) are unknown
=> Use x(#+Af) by Euler or Heun formula

ky=At- f(t,x)
x(t+2A¢t) = x(t)+ Ko 4K Ky g = flee s k)
3 ke, =At- f(t+2At,x+k, +k,)
Convert Az to a half
A = o k,+4k +k, ko =At- f(t+At/2,x+k,/2)
x(1+ A7) =x(1) + 6 ky =At- f(t+At,x+(k,+k)/2)

= > Runge-Kutta formula



First-order diff. eq. : Runge-Kutta formula
Vo 7—09383K)

= f{t.x)
x(t+ At) = (t)+— L d'x +lﬁAt +-
dt 2! dt’ 31 dt’
x(t+ At)=x(t)+ wk, + .k, + pke, +-
k= At f(t,x)

k, = At- f(t+a,At,x+ Bk, )
k, =At- f(t+a,At, x+ Bk, + ik, )

Determine p, and k; so as to get minimum error
Number of k5, n => n-stage formula
Formula of O(A#’) = 0 is called ‘order p formula’



3-stage 3-order Runge-Kutta formula
(3EZ3 R M Runge-KuttaZ> ()

k,+ 4k +k,

x(t+At)=x(¢)+
ky=At- f(t,x)

+0(h")

ko =At-f(t+At/2,x+k,/2)

k,=At- f(t+At,x

+ 2k —k,

)

Different from Simpson rule

(kg + k)2

Different p, and &; can provide the same accuracy

(RILKRETEIMY AL TED)

kK" =At- f(t+At/4,x+Ax/ 4)

k, :At-fét,x)

ko =At-fle+At/2,x+k /2

k,=At- f(t+At,x+ k)

)



4-stage 4-order Runge-Kutta formula
(4B 4R MDRunge-KuttaZ> ()

ko + 2ky + 2k, + ks

x(t+ At) = x(t) 4 c

ko = At - f(t, x)

ki =At- f(t+At/2,x + ky/2)
ko =At - f(t+At/2,x + k{/2)
ks =At- f(t+ At,x + k)




dx

dt

First-order differential equation

=f (t,x) Euler formula:

Heun formula:

ko = At - f(t,x(¢))

x(t + At) = x(t) + ky

ko = At - f(x(t), t)

ky = At - f(x(t) + ko, t + At)

x(t + At) = x(t) + % (ko + kq)

Simpson formula: k, = At - f(¢t, x(t))

ki =At - f(t+At/2,x(t) + ky/2)
k, =At- f(t+ At,x(t) + (ko + kq1)/2)

x(t + At) = x(t) + ¢ (ko + 4ky + kz)

3-stage 3-order Runge-Kutta formula:

kO = At - f(t,X(t))
ki =At- f(t+At/2,x(t) + ky/2)
k, = At - f(t + At,x(t) + 2k, — ky)

x(t + At) = x(t) + ¢ (ko + 4ky + k)

4-stage 4-order Runge-Kutta formula:

kO = At - f(t,X(t))

ki =At- f(t+At/2,x(t) + ky/2)
k, =At- f(t+At/2,x(t) + ki/2)
ks = At - f(t+ At,x(t) + ky)

x(t + At) = x(8) + 3 (ko + 2k + 2kz + k3)



Second-order diff. eq. (ZE#MP»HEX)
d’r
dt’

* 2nd-order diff eq is divided to two simultaneous 1%-order eqs
(CEMAPAEADEES. —BHIAERXICTEITIONRLY)

=F /m,

d?x

W=f(t,x,v)
dv_ (¢ ) dx_
ac o) p=v

Euler formula: v(t + At)~v(t) + At - %
v(t + At) = v(t) + At - f(t, x(t), v(t))
x(t+ At) = x(t) + At - v(t)



Second-order diff. eq. : Heun formula
(ZEMP AREXDOFE: RAVE)

d?x
o i f(t,x,v)
dv
E = f(t, X, U)
(1) kg = At - f(t,x(2), v(E))
(3) ky = At - f(t + At, x(t) + kg, v(t) + k)
() v(t + At) = v(t) + = (ko + ky)
Each step needs to calculate &, and &;:
% = v(t, x,v) time-consuming for MD

2) ko' = At - v(t)
(5) k" = At - v(t + At)
(6) x(t + At) = x(t) + (ko' + ;")



Second-order diff. eq. : position Verlet formula
, (=M AREXDEE: SIENILLIE)
d“x
W = f(t, X, U)
Cdfx(t)  x(t+At) — 2x(t) + x(t — At)
foov ) ==~ At?
x(t + At) = 2x(t) — x(t — At) + At?f (¢, x(t), v(t))

1
v(t) = Z—At{x(t + At) — x(t — At)}
Each step needs to calculate only one f (t, x(t), v(t))

* Better accuracy than Euler formula, equivalent to Heun formula
" Directly solves a second-order differential equation
* Drawback:

The subtraction of similar values, x(+nA4r), may cause

roundoff error.



velocity Verlet formula
d%x
dt?

= f(t, x)
d?x(t + At) x(t + 2At) — 2x(t + At) + x(t)
dez At?

x(t + 2At) = 2x(t + At) — x(t) + At?f (t + At, x(t + At))

x(t + At) = x(t) + v(t)At + %f(t,x(t), v(t))At?

v(t + At) = v(t) + %{f(t,x(t)) + f(t + At x(t + At))}

* Positions and velocities are synchronized at each time step.
 More convenient than position Verlet for evaluating velocities

and Kinetic energy.



t

t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t= 3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

Program: diffeq2nd_verlet.py
Usage: python diffeg2nd verlet.py

x(cal)
0.000000
0.010000
0.198673
0.389425
0.564652
0.717367
0.841484
0.932053
0.985463
0.999586
0.973858
0.909305
0.808501
0.675464
0.515499
0.334981
0.141109
-0.058388
-0.255558
-0.442539
-0.611878
-0.756823
-0.871595
-0.951620
-0.993706

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

v(cal)
1.000000
0.999950
0.980066
0.921060
0.825334
0.696704
0.540299
0.362353
0.169961
-0.029206
-0.227209
-0.416154
-0.588509
-0.737400
-0.856894
-0.942226
-0.989994
-0.998294
-0.966795
-0.896752
-0.790958
-0.653631
-0.490246
-0.307315
-0.112133



Second-order diff. eq. : Leap-tlog formula
(ZEMAARXDOEE HhADHVIER)
Essentially the same as the Verlet formula.

However, Verlet formula
x(t + At) = 2x(t) — x(t — At) + At?f(t, x(8), (1))

includes the subtraction of
x(7) terms and may cause round-off error.

Converting the equation to
v(t + At) = v(t — At) + 24t - £(t,x(6), v(t))

x(t + 2At) = x(t) + 2At - v(t + At)

Can reduce the round-off errors.
Note: Time 7 calculated for x(7) and v(7) offset by Az relative to each other.



Leap Flog vs. Verlet

Confirm the Leap Flog formula is identical to the Verlet formula

Leap Flog  x(¢+2A¢)=x(t)+2Az-v(t + At)

x(¢)—-x(z - At)
At

v(t—At)=

x(t + At) —x(t)  x(t) —x(t — At)
At B At

+ 2A¢ - f(t,x(6), v(t))

x(t + At) = 2x(t) — x(t — At) + 24t - £(t, x(8), v(t))
Verlet formula



Program: diffeq2nd 2d euler.py

Two-dimensional second-order
differential equation

d?x
F = —X
d?y
a2 = -y

Usage: python diffeq2nd_2d_euler.py

t
t=0.00
t=0.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

x(cal)
0.000000
0.010000
0.198862
0.390186
0.566322
0.720212
0.845671
0.937633
0.992364
1.007603
0.982665
0.918464
0.817482
0.683677
0.522322
0.339800
0.143353
-0.059207
-0.259811
-0.450448
-0.623492
-0.772001
-0.890001
-0.972722
-1.016792

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

y(cal)
2.000000

2.000000
1.962097
1.845820
1.655653
1.399036
1.086077
0.729152
0.342415
-0.058761
-0.458394
-0.840535
-1.189900
-1.492481
-1.736110
-1.910948
-2.009878
-2.028803
-1.966806
-1.826199
-1.612436
-1.333901
-1.001578
-0.628623
-0.229835

y(exact)
2.000000
1.999900
1.960133
1.842122
1.650671
1.393413
1.080605
0.724716
0.339934
-0.058399
-0.454404
-0.832294
-1.177002
-1.474787
-1.713778
-1.884445
-1.979985
-1.996590
-1.933596
-1.793517
-1.581935
-1.307287
-0.980522
-0.614666
-0.224305



Two-dimensional second-order

Program: diffeq2nd 2d verlet.py

differential equation

d?*x
dx?
d?y
dx?

—X

-y

Usage: python diffeq2nd _2d verlet.py

t
t=0.00
t=10.01
t=0.20
t=0.40
t=0.60
t=0.80
t=1.00
t=1.20
t=1.40
t=1.60
t=1.80
t=2.00
t=2.20
t=2.40
t=2.60
t=2.80
t=3.00
t=3.20
t=3.40
t=3.60
t=3.80
t=4.00
t=4.20
t=4.40
t=4.60

x(cal)
0.000000
0.010050
0.199666
0.391372
0.567475
0.720954
0.845691
0.936713
0.990390
1.004584
0.978727
0.913852
0.812544
0.678842
0.518076
0.336656
0.141815
-0.058680
-0.256836
-0.444752
-0.614937
-0.760607
-0.875953
-0.956378
-0.998674

x(exact)
0.000000
0.010000
0.198669
0.389418
0.564642
0.717356
0.841471
0.932039
0.985450
0.999574
0.973848
0.909297
0.808496
0.675463
0.515501
0.334988
0.141120
-0.058374
-0.255541
-0.442520
-0.611858
-0.756802
-0.871576
-0.951602
-0.993691

y(cal)
2.000000

1.999950
1961126
1.844068
1.653492
1.396995
1.084805
0.729366
0.344850
-0.053414
-0.449550
-0.827762
-1.172975
-1.471424
-1.711211
-1.882778
-1.979283
-1.996880
-1.934867
-1.795716
-1.584975
-1.311046
-0.984849
-0.619389
-0.229235

y(exact)
2.000000
1.999900
1.960133
1.842122
1.650671
1.393413
1.080605
0.724716
0.339934
-0.058399
-0.454404
-0.832294
-1.177002
-1.474787
-1.713778
-1.884445
-1.979985
-1.996590
-1.933596
-1.793517
-1.581935
-1.307287
-0.980522
-0.614666
-0.224305



&’x
dt’

dv
—:V, _— =

dt

x=cos(27t) v=-2zsin(27t)

—4722xj

Accuracy of numerical solutions: Diff. eq.
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Accuracy of numerical solutions: Diff. eq.
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0.5 98 00
-1 -
1.5 —Exact Fifl?ﬁt
—Heun
-2 ~—3rd Runge-kutta
2.5 —4thRunge-kutta

At = 0.04
15
Verlet /Rk3
1
0.5 -
O -
9 9 9 9 100
-0.5 -
N Exact
—yl(exact)
-15 +—— —3orderRunge-kutta —— Rk4—
—4order Runge-kutta
—Verlet
-2
At=0.01 T
1 A Verlet eun

N\ NN\ /7
VA‘VIAVA‘VIAVA‘VI

—Verlet

1.5

1

0.5

0

-0.5

-1 -

-1.5

Exact

Rk4

Rk3

996 \ 997 %998 \
\

999

1000

Vo

—Exact

—3rd Runge-kutta
—4th Runge-kutta




Molecular dynamics (MD) (5 F&H%EE)
3D periodic condition: MD cell
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Empirical interatomic potential
RERMEFRERTUIvIL)

Hard core potential r)=w r<o
N—ka37 (AR RToiv L —0 r>o

12 6
Lennard-Jones (LJ) potential ¢,(r)=4e, (Gf j —(%j
LF—R—Sa— RRFo v ! :

Born-Mayer-Huggins (BMH) potentlal

RIL— AN —I/I\F X z,2, e’
P, (r) = + A;b-exp

r

Kawamura potential (MXDOrto/MXDTricl)

Gl.+c7j—rJ C. D,
0

5E.I-$:.I-7|_€7__>:/'V)l/ ZiZ' ai +a.— ]’; CI.C.
g, =— +f0(bl.+bj)exp |+
7 b +b, g
2
zlzje a, +aj —r
¢, (r)= +f0(b +b, )exp( bib j

r
+D, (exp[ Z,BU r—r* 2exp[— ﬂij(r -7 *)])
Morse potential



Empirical interatomic potential

2
ZiZje 1 a; + Clj — rij CiCj
U::(r;:) = + folb; + b; ) ex +
l]( l]) 47T€0 rij fO( ' ]) p[ bi +b] T'l'j6
Coulomb potential Repulsion term Dispersion

(London interaction)
Example of Parameters for an ion
Ion charge :z.  Fixed to ion formal charge
~lon radius :a; Adjust to crystal structure

~lon hardness: b,  Adjust to elastic constant
Dispersion :¢; Fixed

1

Potentials and forces for the ion i at r;
Ui(ri,t) =%, Uy(rj(0) —ri()), Fi(ry, t) = = %; airiUij(rj(t) —1i(t))
Most time-consuming term
Better to re-use previous steps,
Fi(ri, t — At), Fi(ri, t — ZAt) etc
=> Verlet formula is better than Heun and Runge-Kutta formula



Requirements of algorithms used for MD

Requirements
* Enough accuracy (can be checked by energy / momentum conservation laws)
symplecticity: avoid accumulation of total energy errors
= Fast calculations (note the most time-consuming process
is the force calculations, better to re-use the previous results)

Runge-Kutta formula: not suitable for MD
High accuracy, but high cost
It cannot re-use the previous results: Each step requires 3-4 new force evaluations
No symplecticity

Frequently used formula:

* Verlet formula (Leap Flog formula)

* Beeman formula

* Predictor-Corrector method (%8| F—{&E Fi%)
Rahman predictor-corrector method (5—<> O FHF—IBEFE)
Gear predictor-corrector method (X7 0 FHF—IEEFi%)



What is Smecticity

Hamilton’s equations of motion are given by
dq _ OH dp = OH

dt ~ dp > dt  dq
q(t)

p(t)
dz

2=vi  g=(" o)

When the numerical time evolution in MD 1s expressed as z,,,; = ®,(Z,) and
if (D@ /DD =] (DD, =222

0Zy,
the numerical time evolution preserves the geometric structure of Hamiltonian
mechanics.
As a result, energy errors are less likely to accumulate 1n one direction, making
long-time simulations more stable.

Introducing z = ( ), they can be written as




TV IOTAavIOE

Hamilton DEENAFE (L. 4 _ aHs v _ _oH TEHEZ6NS,
dt dp dt dq

_ Q(t) = az _ _ 0 | =
2= (1p) cBE L= g = (0, )eETA
MDD EERFRIZ L% 2,11 = Pr(z,) EFRT EE.

(D) DD, =] (DD, = Lntty
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Suitability for MD

Error # of force
Algorithm order/Aceurac evaluations / Symplecticity Suitability for MD
ﬁif Eﬁ%/*ﬁfﬁ y ) Step :/?/jl/bj_-'f‘ybﬂ MD;E'IE
= 73 &% {1 [=] 2
Order 1/Low
Euler LR ALY 1 No Poor
Heun Ogig/il;/ggle 2 No Better, but still poor
Order 4/High Good accuracy,
RK4 5 =1 4 No but poor long-term stability
Verlet / leap- Order 2 N
T S 1 Yes Good
VELOAL Orc%er 2 1* Yes Excellent; standard in MD
Verlet 27

* One new force evaluation per step after initialization.



Program: Planet simulation
Usage: python diffeq2nd planet.py solver dt nt

solver: ‘Euler’ or ‘Verlet’
dt: time step in day (time is normalized by a day)
nt: number of steps

python diffeq2nd planet.py Euler 0.2 5000 python diffeq2nd planet.py Verlet 0.2 5000

*. Figure 1 - O X *. Figure 1 - O X
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Program: Check by conservation law

> python diffeq2nd_planet.py Euler 0.2 5000
> python diffeq2nd_planet.py Verlet 0.2 5000

4.35E+24
1.324E423
4.3E+24
1.320E+23 -
| 3Ein3 o 425E24
Ve i
= 1.318E+23 ﬁg 4.2E+24
b 1.316E+23 :4.15E+24
1.314E+23 —U(Euler) 4.1E+24
L.312k23 —U(Verlet) 4.05E+24
1 31E423
_+_
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t (day)
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Speed up python: Planet simulation

1. List : diffeq2nd planet.py

2. numpy.ndarray : diffeq2nd planet generator.py

3. numba (parallel=True) : diffeq2nd planet generator numba.py
4. numba (parallel=False) : diffeq2nd planet generator numba.py
5.CDLL : diffeq2nd planet c.py

First 1-step run for numba JIT compilation
List 220.594
Numpy 37.553
Numba (parallel=True, 4 core/8 threads) 41.305  3.909
Namba (parallel=False) 44.170  0.978
C DLL 48.262

* Use numpy instead of python list variables and explicit python loops.
* Numpy may outperform a simple C DLL implementation

because its internal routines are highly optimized.
* Numba just-in-time (JIT) compilation is another option



Program: Double pendulum QEIRYF)

> python double_pendulum_ode.py

from scipy.integrate import odeint # Ordinaly Differential Equation Integrator

def derivs(state, t):

dthetal dt = state[2] 2.0

dtheta2 dt = state[3] time = 0.1s
1.5 ~

delta = state[1] - state[0]
1.0

denominator]l = (ml + m2) * L1 - m2 * L1 * np.cos(delta) * np.cos(delta)

denominator2 = (L2 / L1) * denominatorl 05

dthetal dot dt=((m2 * L1 * state[2] ** 2 * np.sin(delta) * np.cos(delta) +
m2 * g * np.sin(state[1]) * np.cos(delta) + 0.0 - *-— —i 1
m2 * L2 * state[3] ** 2 * np.sin(delta) -

(ml + m2) * g * np.sin(state[0])) / denominatorl)

_.|:| : 5 -
dtheta2 dot dt=((-m2 * L2 * state[3] ** 2 * np.sin(delta) * np.cos(delta) +
(ml + m2) * g * np.sin(state[0]) * np.cos(delta) - —1.0 -
(ml +m2) * L1 * state[2] ** 2 * np.sin(delta) -
(ml +m2) * g * np.sin(state[1])) / denominator2) -1.5 -
return [dthetal dt, dtheta2 dt, dthetal dot dt, dtheta2 dot dt] o

T T T
-20 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
state = [thetal, theta2, thetal dot, theta2 dot]

t = np.arange(0.0, tmax, tstep)

y = odeint(derivs, state, t)



Packet collision simulator

Harmonic: > python md_packets FuncAnimation.py --initial mode two_packets --scatterer _mode none
Anharmonic: > python md_packets FuncAnimation.py --initial mode two_packets --scatterer _mode none --k4 500

1D wave packet scattering step=1, t=0.05, energy drift=6.44e-10

0.4 +

VAN A\

1D wave packet scattering step=1, t=0.05, energy drift=-2.09e-08

0.4 +

WL N N

T T T T T T T
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