Numerical integration (quadrature)
MIEMS (RHM)



Numerical integration (#{E#&%)

How to calculate F (X) = IX g(x')dx' bycomputer
X

Replace integral with summation of small mesh area
(&5 & TEZHRZD)

[ g0c)d=3 gl h

Derivation from difference approximation (Zo=XHMo0EH):

df (x)  f(x+h)-1f(x) _ F(x+h)=F(x)
dx h » 9(x) h

F(x+h)=F(X)+g(x)h=F(x=h)+[g(x)+g(x-h)]n

:)Zi(g()(i)h




Riemann sum / rectangular rule (Riemann#)

[ g0xydx=>"g(x)n
° i=0
X, =X, +1h
g(x’)
Xo X1 X; X X’

Asymmetric formula:
monotone increasing g(x) => Underestimation (;&7/]>gEil)
monotone decreasing g(x) => Overestimation (38X &)



Take average: Mid- pomt rule (s g AN)

[} 90)dx Zn:g(Xerljh// \

2

=X, +1h \
1S

XO X X Xn x’
Necessary to know g(x) at (x;+x;_,)/2.
=> Unavailable for g(x) given only by numerical data

QX)DBUET—2TEZALN TS EIXFEZLLY)



Trapezoid rule (&#81)

[ g0x)de=Y g * +2X”jh
° i=0

g[xi + X%y | 9(%)+9(%,)

2

2
J:) g(X')dXIZ i g(xi) +2g (Xi+1) h

g(x’)

O\

ELHSEEIE . Fortran77IZ kA 8EHE
VI 7, REKRASH (ERLE)

h3 n
— N f(x
\ Error 1 .Zo: (X.)

Xo X1 X



Simpson formula

1. Approximate by g(X) ~ g(¥,)+a (X =) +a,(% = X,);
and determine a; so as to reproduce f(x,), f(x,), and f(x,).
(X; =X, — h, X{, X + )

2. Integrate the above approximation analytically
for a range x = X, ~ X, + 2h:

jxxozg(x')dX'~ %h[g(xo) +49(%) +9(x;)]

3. For multiply divided range (X = X, ~ X, = X, + nh):

[ 9010 ~ 2 [90) + 49(%) + 20(x,)+ 49(x) + 29 ) -+ (1)



Derivation of the Simpson formula

1. Approximate by - g(x) ~ g(x) +a,(X =) +a,(% —X,);
and determine a; so as to reproduce f(x,), f(x,), and f(x,).
(X; = X, — h, X{, X + )

_ g(xz)_g(xo) . g(Xz)_zg(X1)+g(Xo)
# Wy &S oh?

g(%) ~ g(x)-ah+a,h’
g(x,) ~ g(x)+ah+a,h’

szg(x')dx ~ g(x)x Z_I_lg(xz) g(xo) g(xz) — 2g(x1)+g(x0)]( X, —

2
2 2 e )it [ 2h?
1 -2 +
{g(x1)xo n _g(xz)Zhg(xo) (xo — x1)2 n ! [g(xz) g;le) g(xo)] (xo — x1)
_ g(x2)—29(x1)+9g(xp)
=2g(x)h +2| - |

X2 1
| g@ax ~ Shlg@) + 4g(xr) + g(xo)

X0

X0

FEEn . BEfET AR, o0F 1

Error <M ‘f(“) ){
180



Comparison of numerical integration
g(x) = x?

X oo L
jo g(x)dx_gx

X g(x) Exact Rieman Trapezoid Simpson
0 0 0 0 0 0
0.2 0.04 0.0027 0 0.004

0.4 016 0.0213  0.008 0.024 0.021333



Series of Newton-Cotes formula

Trapezoid formula (&#281)

szf(x)dx =h

1 1
Shtsr

+O0(R*f")

Simpson formula (Simpsonll)

1 4 1
§f1 + §f2 + §f3

[“reoc=n +O(RSF®)

Simpson’s 3/8 formula (Simpson@3/88l)
x4 3.9 9 3 )
| redr = R[St gt gfs + A+ 0GI®)

Bode/Boole-Vilarceau formula (Bode/BooleAl)

jxs D LR DU DU U U IR



Riemann sum/Trapezoid rule are better than

Simpson formula for infinite-range integration
SimpsonBll &Y B #iF/ SRR D AL RLY

(0]

h
f g(x"dx' ~3 lg(x0) +4g(x1) + 2g(x3) +4g(x3) + 2g(x4) + -+ g(xy,)]

For infinite-range integration (-oo ~ ), X, and x,, are not essential.

o0} xn h
| g@hax'~ [ "gGdr ~3laGr) + 4g(o) + 29(e) + 4g() + 29(5) + -+ g(n )]

Xoq

0 Xn+ h
| gGax~| " geax ~3I 9(x0) +49(ry) +29(x) + 49 (x2) + - +g(x,)
. 0

also provides the essentially the same result.

Xy h
LO g(x')ax'~ 5[0-59(x_1) +2.50(%)+39(%) +39(x,) +39(X;) +3g(X,) +---+0.59(x,)]
Considering g(x_4) and g(x,,) are negligible for infinite integration leads to

| "g@dx ~hlg(n) + g(x2) + g(xs) + g(xa) + -+ gltn)]

, which is the same as the Riemann sum and the trapezoid formula.
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Program: integ_order_h.py

! 1 ! !
g(x") = exp(—x2), [ g(x")dx’ = erf(x;) — erf(x)
[Xo: X;] = [0, 1.0], exact = 0.746824132812427
Run: python integ _order h.py 0 1 18 gauss
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Trapezoid approx. is
better than Riemann sum
for asymmetric function
over finite range



Program: integ_order_h.py

! 1 ! !
g(x") = exp(—x2), [ g(x")dx’ = erf(x;) — erf(x)
[Xo, X;] = [-1.0, 1.0], exact = 1.493648265624854
Run: python integ_order h.py -1 1 18 gauss

1.6 - P—
1.4 1 -
—— Rieman
w127 Trapezoid
104 —— Simpson
—— Bode
0.8 exact
0.0 0.5 1.0 15 2.0
h
1072
J— 10—5 - -
g | Trapezoid approx. is better
n 1078 —— Rieman )
o o - Trapezoid | than Riemann sum also for
ot e L o Smeson | symmetric integration
e OVEF fiNite range
10— 1074 10~3 102 101 100



Program: integ_order_h.py
g(x") = exp(—x?), [0 g(x)dx' = erf(x;) — erf(x,)
[Xo, X,] = [-5, 5], exact = 1.772453850902791 (~+/7)

Note: The range [-5, 5] is virtually equivalent to infinite integration range

as exp(-25) can be negligible

Run: python integ_order_h.py -55 12 gauss

IS - S_ex|

1071 H
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—— Simpson
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Simpson method loses
accuracy for integration
over infinite range



Features of other numerical integrations

Newton-Cotes formula: Analytically integrate approximated polynomial that exactly takes
g(x) with uniform integration points.

(EHERZSENEIL. E-P HEZBLZERX TRLULTRITMICES T 5)

= Trapezoid rule (first order) (&#81, — k=)

= Simpson formula (second/third order) (Simpsonfll, =&z, =X =)

= Bode/Boole formula (fourth order) (Bode/Bool8l, /=)

Maximize precision by optimize both weights and integration points
GIHERUELEHTHRENZRKIZELLIIZT D)
High precision, Non-uniform points EixEL. B A EREBTEL)
= Gauss-Legendre formula
= Gauss-Chebyshev formula
Interpolation type (##Ri%!) (Better precision?)
= Spline integration (R 7515
Extrapolation type (#4+#) (Controlled precision)
= Romberg integration (a2 /s—45'#& %)
Variable conversion type (Z#z#%) (better for infinite integration, singular points
EEESCHERZECEIICER)



Gauss-Legendre method
FHEZER MEFEE AR BUES R, A — L+t (FBHI584F)

= Choose n nodes and weights so that all polynomials up to degree 2n—1

are integrated exactly.

NMEDHDREEAZTED. 2n-1RUTOZERZHEICED TEDLIITT 5,
= Because the endpoints are not used as integration nodes,

It can handle some integrable endpoint singularities.

IMREEELEVDT, BEARBHICEERNH > THLHETES
= Best accuracy for good functions in finite integration range.

ARXETRITHGEROBES TERLEELNSL

- Integration points x; are given as the zero points of Legendre polynomial.
o ElELegendreZIERNDEF A

1 d"/, .y
PL(0)= o (X -1 =0 :
e S =Z; f (X)W,

ECEETRCINeN);



Gauss-Legendre method:
nodes and weights (5 s&E#)

Fractional coordinates (%' &)
Four points formula (4 mR2A)
—0.861136311594052575223946488892
—0.339981043584856264802665759103
+0.339981043584856264802665759103
+0.861136311594052575223946488892
Five points GR2A)
—0.906179845938663992797626878299
—0.538469310105683091036314420700
0
+0.538469310105683091036314420700
+0.906179845938663992797626878299
Six points (6 RA)
—0.932469514203152027812301554493
—0.661209386466264513661399595019
—0.238619186093196908630501721680
+0.238619186093196908630501721680
+0.661209386466264513661399595019
+0.932469514203152027812301554493
Seven points (7 RAR)
—0.949107912342758524526189684047
—0.741531185599394439863864773280
—0.405845151377397166906606412076
0
+0.405845151377397166906606412076
+0.741531185599394439863864 773280
+0.949107912342758524526189684047

Weight (2R E)

0.347854845137453857373063949221
0.652145154862546142626936050778
0.652145154862546142626936050778
0.347854845137453857373063949221

0.236926885056189087514264040719
0.478628670499366468041291514835
0.568888888888888888888888888888
0.478628670499366468041291514835
0.236926885056189087514264040719

0.171324492379170345040296142172
0.360761573048438607569833513837
0.467913934572691047389870343989
0.467913934572691047389870343989
0.360761573048438607569833513837
0.171324492379170345040296142172

0.129484966168869693270611432679
0.279705391489276667901467771423
0.381830050505118944950369775488
0.417959183673469387755102040816
0.381830050505118944950369775488
0.279705391489276667901467771423
0.129484966168869693270611432679



Extrapolation method: Romberg integration

FHE#, NFRE, AP BIEFE, A —Lt (FBHS8E)

Good for finite range integration without singular points
= Start from the Trapezoid formula,

1.
2.

3.

and sequentially apply higher order Newton-Cotes formula
until a given precision is satisfied.
(BRAINGHFEL. GERO=Z2— 2 -0—VYER[THETHSAXETBEIMICERL.
ERBEZm-T FTHRITD)
Integrate by the Trapezoid formula in [a, b] with the mesh hy => S,
Decrease mesh to h; = (1/2)h, and integrate all the range
=>31
Decrease mesh to h, = (1/2)h,_, and integrate all the range
=> Sy, and calculate S, 4(d=1,2, -+, k) by
Sk , = 4¢ Sk,d—l B Sk—l,d—l
, 49 _1
S, Will be the approximated integration values.
Stop If Sy, — Sy.1 k1| becomes smaller than the required accuracy.




Error of numerical integration:

Monotone increasing function
S = j exp(x)dx Exact: exp(1) - exp(-1) = 2.3504023872876

. Order 3
nDivide Rieman Trapezoid Simpson i;;npson Bode Romberg Cubic Spline Gauss-
Legendre
1 1.61E+00 -7.36E-01 -7.36E-01
2 9.83E-01 -1.93E-01 -1.17E-02 -1.17E-02 6.55E-05
3 6.97E-01  -8.64E-02 -5.25E-03
4 5.39E-01  -4.88E-02 -7.92E-04 -6.85E-05  -6.85E-05 7.19E-03 1.13E-06
5 4.39E-01  -3.13E-02 3.75E-03
6 3.70E-01 -2.17E-02 -1.59E-04 -3.53E-04 2.35E-03 1.01E-07
7 3.20E-01  -1.60E-02 1.54E-03
8 2.82E-01 -1.22E-02 -5.06E-05 -1.18E-06  -1.07E-07 1.07E-03 1.81E-08
9 2.51E-01  -9.66E-03 -7.08E-05 7.73E-04
10 2.27E-01  -7.83E-03 -2.08E-05 5.77E-04 4.75E-09
11 2.07E-01  -6.47E-03 4.41E-04
12 1.90E-01  -5.44E-03 -1.00E-05 -2.25E-05 -1.05E-07 3.45E-04 1.59E-09
13 1.76E-01  -4.63E-03 2.75E-04
14 1.64E-01  -4.00E-03 -5.43E-06 2.23E-04 6.32E-10
15 1.53E-01  -3.48E-03 -9.25E-06 1.83E-04
16 1.44E-01 -3.06E-03 -3.18E-06 -1.88E-08 -4.21E-11 1.52E-04 2.84E-10
17 1.36E-01 -2.71E-03 1.28E-04
18 1.28E-01  -2.42E-03 -1.99E-06 -4.46E-06 1.08E-04 1.40E-10
19 1.22E-01  -2.17E-03 9.27E-05
20 1.16E-01  -1.96E-03 -1.30E-06 -4.95E-09 7.99E-05 7.45E-11
32 -3.55E-15



Problem for integration with singular points
FERZELIHEORE)

F(X) = j g(x')dx
9(x) =v1-x21" ™

Very large errors for large |f°(X)| / |f °(X)|



Variable conversion type (z#z#sa )

FHER, NHFTE, AM BESE, A —Lxt (FBF585F)

Good for integral including singular points at the ends and for infinite range

mMRICHEROHHES . E

RI|EAIZHZ

e.g., finite range integral is converted to the infinite range (-oo, o)
by variable conversion

ARREEESDESIE. K

MEBIZKYERRDIZT D

1. Variable conversion x => u: x = ¢ (u)
2. Calculate by the Trapezoid rule

5 = f " fCodx = j Flow)—

Up

W du=hy Y f(0lun = 1)) ()

n=—0o




Iri-Moriguchi-Takasawa (IMT) formula
FE-FO-SR(IMT)D A

. _ _ C FHEERE NGSE AP REHE AL (BR8E)
Good for finite range integral including singular points at the ends and for infinite range

By variable conversion (Z=$tZ5#2)

=g =< foof 1o g - genf -1k

Q= expg——jd = 000702985841
an integral of f(x) Is converted to

[ 100dx = [ f (#u))g (u)du
, and then calculate the integral by the Trapezoid formula

1. Convert the integration range to [0, 1] by x = (x’-a) / (b - a)
jb f(x)dx' = (b-a)[ f(x)d
2. Calculate integration points x, = ¢(k/n) and weights w, = ¢’(k/n)

3. Calculate | =hY" f(x,)w, (h=(b-a)n)
k=1



Iri-Moriguchi-Takasawa (IMT) formula

> python integ_imt.py

1 1
xnzga(unznh)zaf exp( n
0

Q =0.00702985841

RE

E " AR

1.0 1.0
'____...-""!
— —_— —
X 0.5 _— X 0.5
3 f_d_,.-”'"'"-"-.-...-.
!'/ _.r"'"-.__-
991 0.0
. —~ ~~ 03
1 yd NG L
| / \ | 0.2-
]y £ 01
)] !. )] /
0.0 | , | 00 | . .
10 -05 00 05 1.0 -102 -100 -098 -0096
X

ER(IMTO AR

FHE#, NEFRE, AP BIEFE, A —Lt (FBHIS8E)

X

—0.94

-0.92




Variable conversion type: Double exponential type formula
(EHERE: —ERFEHE L)

FHZERE PMHFTE AM BESE, A —Lt (FBFI585)

For f ' F(x)dx
= ¢@(u) = tanh [2 smh(u)] o'(w) ==

For fo f(x)dx

T , n T,
= ¢@(u) = exp [E sinh(u)] @ (u) = Ecoshuexp (E sinh u)

coshu
osh? ((n/Z) sinh u)

For | Ooo f (xx)dx where f(x) includes exp(-x) type factor

= ¢(u) = exp E (u —exp( — u))] @' (u) = g(l + exp(—u)) exp (g (u —exp(— U))

For ffooof(x)dx

= ¢@(u) = sinh lg sinh(u)] p'(u) = gcoshu cosh (g sinh(u))



Variable conversion type: Double exponential type formula

FHE#, NEFRE, A BIEFE, A —Lt (FBFIS8E)

1 1 / . /
For [2, f(x)dx = [, fWe'Wdu = hy 3 f (o (w; = ihy)) e’ (w;)
X range: [—1,1]
> python integ_double_exp_-1_1.py

urange: [—2,2] => x range ~ [—1,1] >
f) = V=7
x = @(u) = tanh [Zsinh(w)] = o T
/ T coshu T
¢ (u) = Ecoshz((n/z) sinh u)
15! —
%
é 0.5
g
0.0 |

-1.0 —0.5 0.0 0.5 1.0 |



Variable conversion type: Double exponential type formula
FHZEE, NFaE, AM REFE, A7—L%t (BBFI584F)
For [” f(x)dx = [ f(w)e' (Wdu = hy, 3 f (9 (u; = ihy)) o' (wy)
X range: [0, oo]
> python integ_double _exp 0 Inf.py

u range: [—2,1] => x range ~ [0,6] 1 ——
f(x) = exp(—x?) N o
X, = @(u) = exp [g Sinh(u)] “'%;‘ )
¢'(1) = = coshu exp (E sinh u) 1/
2 : ] |
1.0
%
105 |
o \
\
0.0 ——
0o 1 2 3 4 5 6
X




Variable conversion type: Double exponential type formula

FHE#, NEFRE, A BIEFE, A —Lt (FBFIS8E)

For [~ f(x)dx = [ fW)e' Wdu = hy X3 o f (0 Uy = nhy)) e’ (uy)
X range: [—oo, oo]

> python integ_double_exp _inf_inf.py

u range: [—1.2,1.2] => x range ~ [—5,5] —
f(x) = exp(=x*) B bt T
x = @(u) = sinh E sinh(u)] % o
3
T T
@'(u) = =coshu cosh | =sinh(u)
2 (2 ) 1 __,,fff'“” |
1.0 ‘
9 |
z 05
)
0.0




Error for integration with singular points
S = [V1-x?dx Exact: n/2 = 1.5707963

Order 3

nDivid Rieman Trapezoid Simpson Simpson Bode Romberg Cul_alc Gauss- IMT Double
ed 3/8 Spline exp*
Legendre
2 571E-01 5.71E-01 2.37E-01 2.37E-01 2.08E-02 1.03E+00 1.5708035
3 3.14E-01 3.14E-01 1.57E-01 1.74E-01  -0.52993
4 2.05E-01 2.05E-01 8.28E-02 7.24E-02  7.24E-02 6.93E-02 7.24E-03 2.72E-02 0.1417235
5 1.47E-01 1.47E-01 5.26E-02 3.40E-03 -0.0288253
6 1.12E-01 1.12E-01 4.48E-02 5.47E-02 3.97E-02 3.92E-03 2.99E-03 0.0050382
7 8.90E-02 8.90E-02 3.17E-02 8.70E-04 -0.0007911
8 7.29E-02 7.29E-02 2.90E-02 2.54E-02 2.47E-02 2.60E-02 2.54E-03 2.37E-05 0.0001138
9 6.12E-02 6.12E-02 2.96E-02 2.18E-02 7.98E-05 -1.55E-05
10 5.23E-02 5.23E-02 2.07E-02 1.87E-02 1.81E-03 4.90E-05 1.99E-06
11 4.53E-02 4.53E-02 1.62E-02 1.32E-05 -2.49E-07
12 3.98E-02 3.98E-02 1.57E-02 1.92E-02 1.38E-02 1.42E-02 1.38E-03 4.53E-06 2.82E-08
13 3.53E-02 3.53E-02 1.26E-02 8.86E-06 -6.05E-09
14 3.16E-02 3.16E-02 1.25E-02 1.13E-02 1.09E-03 6.87E-06 -3.54E-09
15 2.85E-02 2.85E-02 1.37E-02 1.02E-02 2.03E-06 -5.65E-09
16 2.59E-02 2.59E-02 1.02E-02 8.95E-03 8.62E-03  9.25E-03 8.93E-04 1.23E-05 -7.57E-09
17 2.36E-02 2.36E-02 8.45E-03 2.22E-06 -9.79E-09
18 2.17E-02 2.17E-02 8.54E-03 1.04E-02 7.76E-03 7.48E-04 1.05E-05 -1.22E-08
19 2.00E-02 2.00E-02 7.15E-03 1.21E-05 -1.48E-08
20 1.85E-02 1.85E-02 7.29E-03 6.40E-03 6.63E-03 6.38E-04 1.12E-05 -1.75E-08
32 3.04E-03 -5.18E-08

* RS EEIE u=[-2.0,2.0]



Density of states and carrier density in metal

Fermi-Dirac function
1

f(E) = exp(B(E-EFp))+1 D.(E) is normalized by D
Density of states (DOS) — D.(E)
2.5
D.(E) = DeoyVE — E:fE})-fe(E)
D,y = (28 + Py e
" C R dis D(E)f.(E)
Number of electrons in CB ~ | f(E)
o a 1.0
N = [ D (E)f(E) dE \%74 \
0.0




Program: Calculate N, in metal

Issue: How to integrate D, (E) f(E) efficiently

- Wide integration range E =0~ E¢ + akgT ~ several eV (if precision is ~exp(-a))

- The range that needs precise calc is only around Eg with a range okgT ~ 0.1 eV

- Function changes sharply around E, so integration mesh AE should be fine enough
(e.g., AE < akgT /100, 1 meV)

=> We should not the same AE throughout the entire integration range E = 0 ~ E¢ + akgT

=> Divide integration range
(We can use the analytical form for the range 0 ~ Eg — okgT)

N(e)

Usage: python N-integration-metal.py 300 5.0 2E+21 f(e) x 10%

Temperature at 300K, E.= 5.0 eV T N(e)t(e)

Measure time by repeating for 300 times L EE421 D / /
Precision 8 digits (epsrel = 1e-8), a = 6: /

Integ. range Time for 300 repetition 1E+21

(1) 0~ Ex + akgT 0.109s
(2) 0~ Ep — akgT 0.063 s 5E+20 (2) (3)
(3) Ef—akgT ~E-+akgT  0.016s

309% faster for (2) + (3) 0

Using analytic form for (2) is 0 0.5 1

10 times faster

Energy e (eV)

1.5



Program: Debye model of heat capacity

0

® 3 v x'e .
C, =3Rfy[ =2 | f,(y)=— _d
(T j M= | A Debye function

Uses scipy.integrate.quad, an adaptive quadrature routine based on QUADPACK.
cf: https://org-technology.com/posts/integrate-function.html

Debye function (TD=300 K)

python debye_function.py 300080010 rof
Debye temperature 300 K
Temperate range 0 — 800 K, 10 K step

E 0.6 -

5

T (K)



When actually writing a Python program...

« Recommend using scipy.integrate.quad() first.
It strives to satisfy the requested accuracy and also provides an estimated error.

« |If the integrand includes singularities, or if computational speed is important, compare it with other methods and decide
the algorithm and computational conditions.

situation Recommended algorithms
uniformly spaced experimental data Trapezoid, Simpson, Spline
function can be evaluated at arbitral x scipy.integrate.quad, Gauss—Legendre, Romberg
smooth integral over a finite interval scipy.integrate.quad, Gauss—Legendre, Romberg
has endpoint singularities Variable conversion, IMT. Double exponential
Integral over an infinite interval Variable conversion, Double exponential, Adaptive integration

exhibits a sharp transition like the Fermi

: Split integration interval, use fine mesh
function

Actual problems may be split to several integration intervals and choose an optimal algorithm for each subinterval.

For example, for integrals such as the product of the Fermi-Dirac distribution function and the free-electron-approximation
density of states, use a fast Fermi-integral library. Refer to the tutorial material "Vibea—T 124 (5 E x % K %): F &
KXY ITHEEDRERFEDIT1vT107 GERRER/N_FE)" at
http://d2mate.mdxes.iir.isct.ac.jp/D2MatE/?page=tutorial &id=modify.
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Reliable Numerical Integration Function: integrate.quad()

Usage:
Integral value, estimated error = quad(f(x), lower limit, upper limit,
epsrel=relative error tolerance)
Features
« Error is estimated.
« guad() tries to satisfy the required accuracy specified by epsrel.
 [If the integration range is given as np.inf, an algorithm suitable for infinite-range
Integration Is used.
« If the Integration range or error tolerance is not chosen carefully, the calculation may take

longer than expected.
Algorithm
« The integral is first calculated using the n-point Gauss-Legendre method.
In the Gauss-Legendre method, the integration points and weights are chosen so as to maximize the accuracy.
« Then, n+1 additional points are added and the integral is calculated again using the Kronrod extension.
- The original n Gauss-Legendre integration points are kept unchanged.
- The additional n+1 integration points and weights are chosen so as to maximize the accuracy.
« The error is estimated from the difference between the Gauss-Legendre result and the Kronrod-extended result.
If the estimated error becomes smaller than epsrel, the integral value and the estimated error are returned.
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