Sources of error



ERRORS IN EXPERIMENTAL SCIENCE: CLASSIFICATION AND ANALYSIS FLOW

Errors enter at each stage and affect the final results

© MEASUREMENT F Y @ MODELING
Obtain data by experiment

© COMPUTATION / REGRESSION -‘ @ INTERPRETATION

Choose theoretical / analytical model Analyze by numerical methods or regression

Interpret results physically
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Checking Floating-Point Issues in Python
(PythonTEEN/ N R DB RBZTEZET D)
Let’s run Python in interactive mode and see what happens.
(PythonZZE4T (A 32T0T47E—F)LTHEZRLTHAELLD)

% python

>>> (.1
0.1 python displays a shortened representation by default

>>> '{0.1:.17f}" Show 0.1 with 17 digits after the decimal point
'0.10000000000000001°

>>>0.1+0.1+0.1==0.3 How does Python judge this comparison?
False




Floating-point representation error 2/ AR O&REICL 2582

Representation of floating point in computer:
—1.011101, x 2791510 (in binary)

Errors arise from converting Base 10 to Base 2.
= Some values do not have errors between Base 10 and Base 2
If fraction equals to 2"

1.0 = (1.0),x2°

0.5 = (1.0),x2°1

0.125  =(1.0),x23

0.0390625 = 1.25x2'5 = (1.01),x25

1.75 = 1x20 + 1x21 + 1x22 = (1.11),

0.65625 = 1x21+ 0x22+ 1x23+ 0x24 + 1x25 = (0.10101),
100.0 = 1.5625x64 = (1+2-14+24)x26 = (1.1001),x24

= Other values have errors
even if it is represented by a simple figure in Base 10:
0.1=(1.1001100110011001-++), x 24



Python program: sum.py

Program: sum.py
Usage: python sum.py h N
Summing small value h for many times N

Example command: python sum.py 0.1 10

OUTPUT:
0: 0.0 + 0.1 =>0.10000000000000001
1 0.1 + 0.1 =>0.20000000000000001
2 0.2 + 0.1 =>0.30000000000000004
3. 0.30000000000000004 + 0.1 => 0.40000000000000002
4. 0.4 + 0.1 =>0.50000000000000000
o: 0.5+ 0.1 =>0.59999999999999993
o: 0.6 + 0.1 => 0.69999999999999996
7 0.7+ 0.1 =>0.79999999999999993
8:  0.7999999999999999 + 0.1 => 0.89999999999999991
9:  0.8999999999999999 + 0.1 => 0.99999999999999989




Round-off error ({5 & 2): effect of size of FP type

Summing small value h for many times N
Calc by multiplication

Calc by summation

Error is accumulated by each

x =0.0;
for i in range(N)
X=X+h

summation

X0 =0.0;
for 1 in range (N)
X=x0+1*h

Typically multiplication is slower than summation,
but the total error originates from
only one multiplication operation

Result of sum_error.py (compare different precision FP types): h =0.01, N =101
Program: sum_error.py

Exact:

0.0100:
0.1100:
0.2100:
0.3100:
0.4100:
0.5100:

0.8100:
0.9100:
1.0100:

float16: half precision, 16 bit

float16 (error)
0.010002136230468750 (-2.14e-06)
0.110046386718750000 (—4.64e—05)
0.210083007812500000 (-8.30e-05)
0.310058593750000000 (-5.86e—05)
0.410156250000000000 (-1.56e—04)
0.509765625000000000 (+2.34e-04)

0.802734375000000000 (+7.27e-03)
0.900390625000000000 (+9.61e-03)
0.998046875000000000 (+1.20e-02)

float32: single precision, 32 bit

float32 (error)
0.009999999776482582 (+2.24e-10)
0.109999984502792358 (+1.55¢—08)
0.210000023245811462 (-2.32e-08)
0.309999972581863403 (+2.74e—08)
0.409999877214431763 (+1.23e-07)
0.509999811649322510 (+1.88e—07)

0.809999525547027588 (+4.74e-07)
0.909999430179595947 (+5.70e—07)
1.009999394416809082 (+6.06e-07)

float64: half precision, 64 bit

float64 (error)
0.010000000000000000 (+0.00e+00)
0.109999999999999987 (+1.39e-17)
0.210000000000000048 (-5.55e-17)
0.310000000000000109 (-1.11e-16)
0.410000000000000198 (-1.67e-16)
0.510000000000000231 (-2.22e-16)

0.810000000000000497 (-4.44e-16)
0.910000000000000586 (-5.55¢—16)
1.010000000000000675 (—6.66e—16)



Program (roundoff error): SUM_€rror.py

Usage: python sum_error.py h n iPrintStep
Summing up h for n times with different precision interger types. Output every iPrintStep steps.

python sum_error.py 0.1 100 20

exact: suml6 (error) sum32 (error) sum64 (error)

0.1000: 0.099975585937500000 (+2.44e-05) 0.100000001490116119 (-1.49e-09) 0.100000000000000006 (+0.00e+00)
2.1000: 2.095703125000000000 (+4.30e-03) 2.100000143051147461 (-1.43e-07) 2.100000000000000533 (-4.44e-16)

4.1000: 4.089843750000000000 (+1.02e-02) 4.099998474121093750 (+1.53e-06) 4.100000000000001421 (-8.88e-16)
6.1000: 6.121093750000000000 (-2.11e-02) 6.099996566772460938 (+3.43e-06) 6.099999999999994316 (+6.22e-15)
8.1000: 8.148437500000000000 (-4.84e-02) 8.099994659423828125 (+5.34e-06) 8.099999999999987210 (+1.24e-14)

python sum_error.py 0.125 100 20

exact:  suml6 (error) sum32 (error) sumo64 (error)

0.1250: 0.125000000000000000 (+0.00e+00) 0.125000000000000000 (+0.00e+00) 0.125000000000000000 (+0.00e+00)
2.6250: 2.625000000000000000 (+0.00e+00) 2.625000000000000000 (+0.00e+00) 2.625000000000000000 (+0.00e+00)
5.1250: 5.125000000000000000 (+0.00e+00) 5.125000000000000000 (+0.00e+00) 5.125000000000000000 (+0.00e+00)
7.6250: 7.625000000000000000 (+0.00e+00) 7.625000000000000000 (+0.00e+00) 7.625000000000000000 (+0.00e+00)
10.125: 10.12500000000000000 (+0.00e+00) 10.12500000000000000 (+0.00e+00) 10.12500000000000000 (+0.00e+00)

python sum_error.py 0.0390625 100 20

exact:  suml6 (error) sum32 (error) sume4 (error)

0.0391: 0.039062500000000000 (+0.00e+00) 0.039062500000000000 (+0.00e+00) 0.039062500000000000 (+0.00e+00)
0.8203: 0.820312500000000000 (+0.00e+00) 0.820312500000000000 (+0.00e+00) 0.820312500000000000 (+0.00e+00)
1.6016: 1.601562500000000000 (+0.00e+00) 1.601562500000000000 (+0.00e+00) 1.601562500000000000 (+0.00e+00)
2.3828: 2.382812500000000000 (+0.00e+00) 2.382812500000000000 (+0.00e+00) 2.382812500000000000 (+0.00e+00)
3.1641: 3.164062500000000000 (+0.00e+00) 3.164062500000000000 (+0.00e+00) 3.164062500000000000 (+0.00e+00)



Caution for conditional branch (&#2 & IzE1+5EE)

Calculation of integers does not produce errors.

=> Conditional judgement only using integers works properly
BUEHDAHTOEEFHERIEIREIHEL D THEELL
ifi*10==230:
print(“1 ==30") # executed iIf 1 == 30

Calculation of floating points can produce roundoff error.

DO NOT USE: Strict conditional judgement often does not work properly
EHEETIEAORENRET DD T, BEIBEEHHIEIEESTIEULMFEL
If x *10.0 == 30.0:
print(“x == 3.0) # expected to execute If x == 3.0, but may be not



Program: bad_if.py

Usage: python bad_if.py h n answer
Check the condition h * n == answer (eps = 1.0e-10)

python bad_if.py 0.1 1 0.1 ConfirmY}! 0.1 == 0.1
Summing up 0.1 for 1 times: v=0.1

v==0.17: True

lv—0.1 <1e-10?: True

python bad_if.py 0.1 2 0.2 ConfirmY7.,0.1 == 0.2
Summing up 0.1 for 2 times: v=0.2

v ==0.27: True

Iv—0.2| <1e-10?: True

python bad_if.py 0.1 30.3 Confirm ¥3_, 0.1 == 0.3: Failed
Summing up 0.1 for 3 times: v = 0.30000000000000004
v ==0.3?: False >10.1==0.3 TIXHHEFEEZD

v—-0.3| <1e-10?: True [¥;7-,0.1 — 0.3| < eps (eps = 101°) TIFIELL I TES



How to use conditional branch, if

(51543 5z 0D | b

Bad (F&L l):
If x*10.0 ==30.0:
DO NOT use the strict comparison ‘==* for floating values

(FRNVNR R DRI, BREF LR == [T EHELY)

Good (BL\I):
If abs(x * 10.0 - 30.0) < eps
eps = 1.0e-6 # epsilon:
A value satisfactory smaller than minimum expected value

(BAESNDHRELVDLTHREVD., GHIPSLME)



FP-to-int conversions are system-dependent: The Case in Python

Do not rely only on intuition: results may differ

* Int(x) performs truncation toward zero
-1.5 -10 -05 O 05 10 15
| truncate toward zero=>| | <= truncate toward zero|
- Matches intuition for positive values
- Deviates from intuition for negative values
- Small FP errors can cause values to be “pulled toward zero”
 round(x) performs mathematical rounding
- Rounds to the nearest integer for both positive and negative values (round(0.5) depends on system)
* int(round(x)) corresponds to “ordinary rounding to an integer”
 Floating-point errors affect rounding behavior
- For example, -1.0 may become -0.9999999999999993
- As a result, int() may return 0 even when the value is close to -1
« The modulo operator % of PYTHON always returns a non-negative result
--0.2% 1.0=0.8
- This differs from the mathematical definition of remainder
- It 1s important to remember this as Python’s specification
* Rounding of negative values often behaves counter-intuitively
- Especially when FP errors are involved, the behavior can appear confusing
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Program: bad_int.py
> python bad_int.py

Summing up 0.01 for 100 times: v = 1.0000000000000007
int(v) =1

int(v +eps) =1

int(round(v))=1  All cases return 1

Used eps=-1e-10

Summing up -0.01 for 100 times: v = -1.0000000000000007
int(v) =-1

int(v +eps) =0

int(round(v))=-1  Return -1 and 0

Used eps=1e-10

Summing up -0.01 for 100 times: v = -1.0000000000000007
int(v) =-1

int(v + eps) =-1 Case for floating point to integer conversion
int(round(v))=-1 All cases return -1 N — 01 .
Used eps=-1e-10 ('EEJIJ\&}Q > Eﬁzm)

Bad (&L \I):

You may expect: _
int(1.0000001) = 1 n = int(v)
int(0.0000001) = 0 Good (BULVl):

int(-0.9999999)=-1 _
int(-1.0000001)=-1 n = round(v)




Input X
0.00001
-0.00001
0.4999
0.5001
1.4999

-1.5001

-0.5001
-0.4999
-1.4999

Summary: Iint_conversion.py

int(x)

0

OO LWk OO O

round(x)

Int(round(x))

floor(x)

0
-1



Input X
2.2
1.2
0.2
-0.2
-1.2
-2.2

Wrap fractional coordinate to [0, 1)

Int(x) floor(x)
2 2

1 1
0 0
0 -1
-1 -2
-2 -3

X - Int(X)
0.2
0.2
0.2
-0.2
-0.2
-0.2

X - floor(x)
0.2
0.2
0.2
0.8
0.8
0.8

X% 1.0

0.2
0.2
0.2
0.8
0.8
0.8



Wrap fractional coordinate to [0, 1)

Python’s best: For some programming languages like python:
: For fractional coordinates in a unit cell :
def WI’&pOlO(V). Use v % 1.0 for safely reducing v to the range [0, 1).
returnv % 1.0 B F OB ERLE T HIBRETOIE:

V% 1.0 Z#ES5LLLIZ [0, 1) BEAISEITTES

In case floor() is available:
def wrapO1(v):
return v - floor(v)

Other cases (only int() is available):
def wrap01(v):
v_wrapped = v - Int(v)
If v_wrapped < 0.0:
return v_wrapped + 1.0
return v_wrapped

see wrap_fractional coord.py



L_oops using floating-point values¢z /s ® =& 20—7)
Bad (&L ):

Import numpy as np
for v in np.arange(start, end, step):

np.arange(start, end, step):
Iterate from start while v < end,

Caution: The end value is expected not to be included, but it may be included due to floating-point error
(endDIEIEEITEINLGNCENEESNTNDD, FPORED O endMEITESNLAIREEDH D)

Better method #1: range(N)

# Choose a sufficiently small eps value, e.g., 1.0e-6, to compute the loop count N w/o affected by floating-point errors.
(eps ELTH A /NELME (B R I1E 1.0e-6) LD ETFPREICEEINGWIL—TRIE N #5155 5)

N = int((end — start) / step + eps)

for i in range(N):
v =start + 1 * step

Better method #2: np.linspace(start, end, N)

for v in np.linspace(start, end, N):  # always execute the end value (&I[ZendZ=& 1)



Typical cases for FP calculations with care

Evaluate possible errors every time for FP floating point calculations
- Error originates from the limited length of FP type: underflow, overflow
Representation range of 64bit FP (IEEE 754 standard)

Exponent: 11 bit -1024 ~ +1023
Fraction : 23 bit 4,503,599,627,370,495: 16 digits

= Most decimal fractions cannot be represented exactly in binary floating-point format

= Most of FP values in computer include errors
1.0/3.0 = 0.3333...333 (16 digits) Error ~ 10-16 should be included

Conditional branch:
Bad: if x*10.0==30.0: No guarantee to get the correct judge ‘true’ even if x = 3.0
Good: eps =1.0e-30 # epsilon: A value satisfactory smaller than expected values bur larger than the precision of the variable type.
If abs(x * 10.0 - 30.0) <eps: Gives the correct judge within the error of eps

FP => integer conversion:
How to calculate the number of division in the range xmin — xmax at xstep step
Bad: n = int( (xmax — xmin) / xstep): The value in int() can include error.
Even if the correct value is n = 3.0,
you will get n =2 if int() becomes 2.99999... due to error,.
Good:
eps = 1.0e-6
n = int( (xmax — xmin) / xstep + eps)
Even if (xmax — xmin) / xstep becomes smaller than the expected integer due to erro,
you can receive the correct value as long as the error is smaller than eps.



RERETOJTSLO—BHGER

FH/MLAROEETE, BICREXZERTSL
- ZHEROHIRIZLBERE underflow, overflow
IEEE 754MDIZ#E T, 64bitF B/ N S DEH 1T

FEHER: 11 bit -1024 ~ +1023
R ER: 23 bit 4,503,599,627,370,495: 1647

- BRI/ R TIE, BLDEHZE “IEREIZ REBETEEL

- BEEOHTHOZE/ P HRAORBIL., FETRTOBEICIREEZSD
1.0/3.0 = 0.3333...333 (/N M LLTR16HT) 106 REDRENEKLET S

515 43 lE 0D 31| B -
B if x*10.0==30.0: x=3.0 THoTh. true LIS HEIEITELY
BU Al eps=1.0e-6 #epsilon: BESINSREIVIL TR REOH ., EHE N R TESLEDIRINSMEZRET D,
if abs(x * 10.0 - 30.0) < eps: IRZE eps IN T RITSND

FEIMIUR => BEZEER: xmin ~ xmax QEEZE xstep BDIETHEIL=EZED R RADE
C AR
n = int( (xmax — xmin) / xstep):
(xmax — xmin) / xstepAERZEIZLY 2.99999... LHoT-15E.
AE(int() =3 £ THRRLLDIZ, 2 &> TLED
BRU Ml
eps = 1.0e-6
n = int( (xmax — xmin) / xstep + eps):
(xmax — xmin) / xstepHh R EIZKYEARF T HEBHIELY /NEGE-TH.
REMepsEYPSITFNIE REHRFLTLIEHKENFTOND



Precision and errors in computer

Data bit width (¥#—4£&): Determine the upper limit of precision
=> Roundoff (rounding) error GGh&iaz)

Other error sources

* Overflow BA#ELBE, fibsh):
e.g. by summation between large integers (s B 2 2B H D)
<~ underflow
(overflow and underflow can be detected by CPU / software
but may deteriorate calculation speed)

= Roundoff error (hhiaz): By subtracting very similar values
ex: for 4 digits calculation:
5v41 — 32 ~ 5*6.403 — 32.00 = 32.015 — 32.00 = 32.02 — 32.00 = 0.02
The given values have 4 significant digits
but the result has only 1 significant digits
Avoid subtraction between similar large values
= Loss of trailing digits (i&#%5):
by summing / subtracting between largely-different values
ex: 1000 + 1.456 = 1001 (The initial significant value of .456 is lost)



Catastrophic cancellation (#r%5 - 1§ 1# %)

Program: python information_buried.py
e.g., calculate exp(-40) by exp(x) = ).,,—¢X"/n!

Exact value 4.24835425529159x1018

N : N ox%/n! 1.0/3N_(—x)"/n!
Summing up large values with 0: 1
opposite signs results in 1: -39 0.024390244
significant errors (E&N%&¥ 3 2 761 0.0011890606
REGMOMERDOIZBENKEC 18 7.3620174e+12 5.290335e-14
X)) 19 : -1.5234693e+13 2.4096905e-14
‘ 20 2.9958728e+13 1.153502¢e-14
21 -5.6123978e+13 5.7878667e-15
Better to add positive values 221 1.0039003e+14 3.0368438¢e-15
only 23 s -1.71%I30825e/+14 | 1.6625449¢-15
oN n _ um up large +/- values

A= 2n=o(=X)"/nE(fx<0) 29 1 36516440400  4.2483543¢-18
, and take - = exp(—40) 115: 5.8811462 4.2483543¢-18
116: 5.8811665 4.2483543¢-18

Well converged,
but 18 digits of error!!



Errors in calculation process

- Overflow (summing large values)

- Underflow (huge numbers of summing up small values)
- Round-off error

* Truncation error T¥IViEE)
Summing terms that slowly approach zero:
= Taylor expansion (+—>—EBf)
= Summation of Coulomb energy (CoulombT#JLE¥—nDH)
Need to terminate the summation if calculation time has
limitation or the result reaches the required precision
GHEBBELDELGREICRLT, ECHhTHEZITEYD)

= Convergence error (IRAE)

A required precision, often denoted by EPS, is used as a
stopping criterion for iterative calculations.

= Errors originating from physical model (®BEF/L DR E)
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